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filter and —51 dB for a complex lowpass filter. This is an additional A Note on “An Overview of Aliasing Errors in

gain of 3 and 6 dB for the two cases, respectively. Discrete-Time Formulations of Time-Frequency
To further illustrate the ability of the proposed algorithm to Representations”

decompose a wavelet, we have applied the algorithm to a wavelet

generated by the Daubechi#g wavelet (its four filter coefficients LJubia Stankovi@and Igor Djurovic

are 0.341506 350946 11, 0.591 506 350 946 11, 0.158 493 649 053 89,
and—0.091506 350 946 11) [9]. The lengths of both the bandpass and _ o _ _
lowpass filters were set to 4. The initial lowpass filter setting was [1, Abstract—Various realizations asserting to produce the alias-free

e . - screte-time Wigner distribution have been reviewed and analyzed
2,1, O]J /4. The convergence curve is shown in Fig. 1(b). The error Costa and Boudreaux-Bartels. Here, a simple alias-free form of the

as high as 0 dB at the beginning. It decreases as adaptation procegggdo-wigner distribution is proposed. It is obtained from the fact that
and reaches a minimum value of182 dB in about 150 iterations. the sampled signal can formally be considered as a multicomponent signal.

_The nonzero _flnal error value is du_e to_flnlte nl_JmerlcaI acCUracy oy Terms—Fourier transforms, signal sampling,
in the simulation. The convergence in this case is exponential. Thealysis, Wigner distribution.

convergence characteristics of the mean-square coefficient errors of

the two filters are very close to the curve shown in Fig. 1(b). It is clear

time—frequency

that the proposed algorithm is effective and converges to the desired . INTRODUCTION
optimum solution. In the traditional ways of Wigner distribution (WD) computing, the
signal has to be oversampled by a factor of two in order to avoid aliasing
IV. CONCLUSIONS [2]. Significant efforts have been made in the investigation of possibil-

We have proposed an iterative method to decompose a motftigs for nonaliased discrete-time WD calculation of a signal sampled
wavelet into a bandpass and lowpass filter pair according to tRECOrding to the Nyquistrate [3]-[9]. Several authors have tried to for-

two-scale relationship. The method computes the LS solutions of fi/late nonaliased reduced interference distributions [10]-{13]. An ex-
two filters in alternate iterations until convergence. The convergenggllent overview of these efforts and results has been done in [1] and
and validity of the method were confirmed by simulations. [14]. _Common to all of themj including th_e one presented here, is that
the signal samples taken with the Nyquist rate completely determine
bandlimited signal values at all other points. Thus, oversampling can
be avoided by incorporating an implicit or explicit interpolation in the
[1] Y.T. Chan,Wavelet Basics Boston, MA: Kluwer, 1995. mathematical procedure of the Wigner distribution calculation.

[2] “Special issue on theory and application of filter banks and wavelet . - . . )
transforms, 1EEE Trans. Signal Processingol. 46, Apr. 1998. In this short note, we will show that itis possible to calculate the non

[3] K. C. Ho and Y. T. Chan, “Optimum discrete wavelet scaling and it§liased pseudo WD of a signal sampled according to the Nyquist rate by
application to delay and Doppler estimatiotEE Trans. Signal Pro- using the short-time Fourier transform (STFT) as a basic step. This pro-
cessingvol. 46, pp. 2285-2290, Sept. 1998. cedure can be, in a straightforward manner, extended to the nonaliased

[4] ——, “Filter design and comparison for two fast CWT algorithms,” i ati ; i satrib i N
IEEE Trans. Signal Processingol. 47, pp. 30133026, Nov. 1999, realizations of the higher order time—frequency distributions [15]-[19].

[5] O. Rioul and P. Duhamel, “Fast algorithms for discrete and continuous
wavelet transforms,[EEE Trans. Inform. Theoryol. 38, pp. 569-586, 1. DEFINITIONS AND THEORY
Mar. 1992.
[6] M. J. Shensa, “The discrete wavelet transform: wedding the a trousA definition of the STFT is
and Mallat algorithms,T"EEE Trans. Signal Processingol. 40, pp.
2464-2682, Oct. 1992. oo * T
[7] G.Strang, “Wavelets and dilation equations: A brief introductiG1AM STFT.(t, wa) = / ft+m)w™(r)e " dr (1)
Rey, vol. 31, pp. 614-627, Dec. 1989. i
[8] M. Unser, “Splines—A perfect fit for signal and image processing,”

REFERENCES

IEEE Signal Processing Magpp. 22—38, Nov. 1999. where index: denotes quantitie§ in analog domain. Consifjer signal
[9] I. DaubechiesTen Lectures on WaveletsPhiladelphia, PA: SIAM, f(t 4+ 7) sampled atr = nT, with T < 7/w,,, wherew,, is the
1992. maximal frequency in the STFT: STFT w,) = 0 for |wa| > wa, for
anyt.

The STFT of a discrete-time signal, which is denoted by
STFT(¢t, w), is periodic in frequency = w,T with period2x

STFT(t, w) = Y STFT.(f, wT + 2k7). )
k=—cc

Thus, the STFT of a discrete-time signal could be formally considered
to be a multicomponent signal with an infinite number of components
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Fig. 1. lllustration of the alias-free pseudo-Wigner distribution calculation. 0 i 0 o? "

e K3
shifted in frequency foRk=, wherek is an integer. With the sampling
=

theorem conditiord’ < =/w,, being satisfied, i.e., the STFT being
alias-free, we have - t t

20 40 60 20 40 60
STFT(¢t, w/T), for|w| <
0, otherwise.

STFT.(t, wa) = {

The WD, in its pseudo form, is defined by

WD, (t, wq) =

[ (= (e(g)e =m0 o I 2| of

The relationship between (1) and (3) has been derived in [15] as

WD, (t, u/‘a)
o0 t ]
1
= f/ STFT.(t, wa + 02)STFTS(t, wa — 0a) dba.  (4) 20 40 60
™ —o0
. . . e) f)
The discrete domain form of (4) is
1 (7 Fig. 2. (a)—(e) Alias-free pseudo-Wigner distribution for signals from [1]. (f)
WD(t, w) STFT(t, w + 6)STFT'(t, w — #)df. (5) S-method (alias and cross-terms free pseudo Wigner distribution) of signal from

T J_x Fig. 2(€).

The alias-free version of the pseudo-WD (5), which is denoted with
index f, can be calculated by using only the basic period< w < 7 ysing the integration interval in (6) defined by< w + 6 < = and
of STFT(t, w) 0<w—0< .
Numerical realization of the alias-free discrete-time/frequency

WDy (t, w)_ pseudo WD is simple, according to

1 T

= = | P(w.6)STFTt. w + )STFT (1. w — ) d8 (6)
™ —7

1 L p(k)
WD (n, k) = — ISTFT(n, B) +2 >
m

=1

where

1, for0 < |8 <7 — |w|
P(w, )= ’ -
(w, ) {0, otherwise. ‘RESTFT(n, k+i)STFT (n, k — )] | (7)

The integration in (6) for a givenv is performed until either

-7 < w+8 < wor—n < w— 0 < wis violated, i.e., for where the summation for each poift, k) defined byL, (k) lasts

-1+ |lw|] £ § < m — |w|; see Fig. 1. In this way, the integrationuntil any of the conditionsi{+ i < N ork — i > 1) is violated. The

over the basic period of STKT, w) [i.e., over STFT(¢, w.)] is zero frequency component isfat= N/2.

completely performed, whereas the integration over other periodsExample: For all signals proposed in [1], we get a correct form of

STFT(t, w + 2x) and STFT#, w — 27), which were introduced by the alias-free pseudo WD; see Fig. 2.

the signal discretization in time (causing aliasing in the discrete-timeNote thatL » (k) = 0 in (7) produces the spectrogram, whereas the

pseudo WD), is completely avoided; again, see Fig. 1. Distribution (6)her terms RSTFT(n, k + i)STFT (n, k — )] for1 < i < Lp(k)

has a form of the method from [15]-[19]. improve its concentration toward the pseudo WD. Taking only few of
For the real signals, cross-terms between positive and negative fleese correction terms, we can achieve the auto-terms approximately

guencies can completely be avoided, whereas the integration over ghs-same as in the WD while avoiding cross-terms (the S-method [15]).

itive frequencies is performed without an analytic signal calculation by Fig. 2(f), the value ofL (%) is limited to a maximal number of
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six terms in (7), i.e., ifLp(k) > 6, thenLp(k) = 6. The choice
of Lp(k) in the S-method is discussed in detail in [16] and [17]. The
same procedure may be used for the alias (and cross-terms)-free re

ization of the higher order time—frequency representations: Polynomial

Wigner—Ville distributions [18], [20] and L-Wigner distributions [19].

I1l. CONCLUSION

A simple alias-free discrete-time pseudo-Wigner distribution
realization is presented. The procedure may be easily extend
to the alias-free realizations of some higher order time—frequenc
representations.

(1]

(2]

REFERENCES

A. H. Costa and G. F. Boudreaux-Bartels, “An overview of aliasing er-
rors in discrete-time formulations of time-frequency representations,”
IEEE Trans. Signal Processingol. 47, pp. 1463-1474, May 1999.

F. Peyrin and R. Prost, “A unified definition for the discrete-time, dis-
crete-frequency, and discrete time/frequency Wigner distributl&tE
Trans. Acoust., Speech, Signal Processimd ASSP-34, pp. 858-867,
Aug. 1986.

(8]
9]
[10]
[11]
oy
[13]
[14]

(18]

(16]

[3] T. A. C. M. Claasen and W. F. G. Mecklenbrauker, “The aliasing [17]

(4]

problem in discrete-time Wigner distributionlEEE Trans. Acoust.,
Speech, Signal Processingl. ASSP-31, pp. 1067-1072, Oct. 1983.
——, “The Wigner distribution—Part II: Discrete time signal®hilips
J. Res.vol. 35, pp. 276-300, 1980.

[5] A. H. Nuttall, “Alias-free smoothed Wigner distribution function for
discrete-time samples,” Naval Underwater Syst. Cent. (NUSC), New[19]

(6]

(7]

London, CT, Tech. Rep. 8785, Oct. 1990.

D. S. K. Chen, “A nonaliased discrete-time Wigner distribution for
time-frequency signal analysis,” iRroc. IEEE ICASSP 1982, pp.
1333-1336.

E. C. Bekir, “A contribution to the unaliased discrete-time Wigner dis-
tribution,” J. Acoust. Soc. Amerol. 93, pp. 363-371, Jan. 1993.

(18]

[20]

259

R. D. Hippenstiel and P. M. de Oliveira, “Time varying spectra esti-
mation using the instantaneous power spectrdBEE Trans. Acoust.,
Speech, Signal Processingl. 38, pp. 1752-1759, 1990.

——, “Instantaneous power spectrum,” roc. 22nd Asilomar Conf.
Signals, Syst., Computol. I, 1988, pp. 214-217.

A. H. Nuttall, “Alias-free smoothed Wigner distribution function and
complex ambiguity function for discrete-time samples,” Naval Under-
water Syst. Cent. (NUSC), New London, CT, Tech. Rep. 8533, Apr.
1989.

J. Jeong and W. J. Williams, “Alias-free generalized discrete-time
time-frequency distribution,TEEE Trans. Signal Processingol. 40,

pp. 2757-2765, Nov. 1992.

J. R. O’'Hair and B. W. Suter, “Kernel design techniques for alias-free
time-frequency distributions,Proc. |IEEE ICASSPpp. 111.333-336,
1994.

J. M. Morris and D. Wu, “On alias-free formulations of discrete
Cohen’s class of distributions|EEE Trans. Signal Processingol. 44,

pp. 1355-1364, June 1996.

A. H. Costa and G. F. Boudreaux-Bartels, “A comparative study of
alias-free time-frequency representations,” Rmoc. |IEEE-SP TFTS
Anal, Philadelphia, PA, 1994, pp. 76-79.

LJ. Stankovi¢ “A method for time-frequency analysis|EEE Trans.
Signal Processingvol. 42, pp. 225-229, Jan. 1994.

LJ. Stankovicand J. F. Bohme, “Time-frequency analysis of multiple
resonances in combustion engine signaignal Processvol. 79, no.

1, pp. 15-28, Nov. 1999.

S. Stankoviand LJ. Stankovic‘An architecture for the realization of

a system for time-frequency signal analysi§EE Trans. Circuits Syst.

Il, vol. 44, pp. 600-604, Feb. 1997.

LJ. Stankovig “On the realization of the polynomial Wigner-Ville dis-
tribution of multicomponent signalslEEE Signal Processing Lettol.

5, pp. 157-159, July 1998.

——, “Multitime definition of the Wigner higher order distribution:
L-Wigner distribution,” IEEE Signal Processing Lettvol. 1, pp.
106-109, July 1994.

B. Boashash and B. Risti¢Polynomial time-frequency distributions
and time-varying higher order spectra: Applications to analysis of multi-
component FM signals and to treatment of multiplicative noiSgghal
Process.vol. 67, no. 1, pp. 1-23, May 1998.



