IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 49, NO. 12, DECEMBER 2001 2985

Robust Wigner Distribution With Application to the
Instantaneous Frequency Estimation
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Abstract—The Wigner distribution (WD) produces highly in various signal processing disciplines, especially in digital
concentrated time—frequency (TF) representation of nonsta- image processing [3]-[5].
tionary signals. It may be used as an efficient signal analysis tool, It is well known that time—frequency (TF) distributions are

including the cases of frequency modulated signals corrupted with ful tool f vsis of tati . | d th
the Gaussian noise. In some applications, a significant amount of a poweriul 100l Tor analysis o nonstationary signais an e

impulse noise is present. Then, the WD fails to produce satisfac- instantaneous frequency (IF) estimation [6]-[13]. Noise influ-
tory results. The robust periodogram has been recently introduced ence on the TF distributions is considered in [14] and [15]. It
for spectral estimation of this kind of noisy signals. It can produce s common for these distributions to produce poor results in an
good concentration for pure harmonic signals. However, it is not jy,1se noise environment. This is the case for the spectrogram

so efficient in the cases of signals with rapidly varying frequency. . o . . L
This is the motivation for intrgducing the rF())bu);t W)I/D. ?t is g reli- Y (with high interference reducing property), the Wigner distribu-

able TF representation tool for wide class of nonstationary signals tion (WD) (which is highly concentrated in the TF plane), and
corrupted with impulse noise. This distribution produces good the other distributions from the general quadratic shift-covariant
accuracy of the instantaneous frequency (IF) estimation. Using class (with interference reduction and concentration properties
the Huber loss function, a generalization of the WD is presented. o yeen the previous two extreme cases). In the TF representa-
It includes both the standard and the robust WD as special cases. . : . . . .
This distribution can be used for TF analysis of signals corrupted tlops, impulse n0|se_ behaves q_wte_ dlffe_rently from the Gaussian
with a mixture of impulse and Gaussian noise. The presented Noise. Namely, the impulse noise is mainly concentrated around
theory is illustrated on examples, including applications on the IF  the origin and the Doppler axis in the ambiguity domain. There-
estimation and time-varying filtering of signals corrupted with  fore, standard reduced interference distributions will not ade-
a mixture of the Gaussian and impulse noise. The case study 4 ately reduce this kind of noise. In addition, some signal-de-

analysis of the IF estimators’ accuracy, based on the standard and e - . )
the robust WD forms, is performed. In order to improve the IF pendent distributions will not be efficient here since they recog-

estimation, a median filter is applied on the obtained IF estimate. Nize these strong noise components as parts of the signal. Thus,
L . this kind of noise requires a specific approach as well as re-
Index Terms—mpulse noise, instantaneous frequency estima- formulation of the standard TF representations into their robust
tion, spectral analysis, time—frequency analysis, time-varying fil-
tering, Wigner distribution. orms.
The robust spectrogram (SPEC) [16] represents an extension
of the standard SPEC. It is introduced by analogy with the ro-
|. INTRODUCTION bustM -periodogram [17]. It has been shown [17], [18] that the
N many practical applications, especially in communicstandard periodogram is an ML estimate of the periodogram of
tions, signals are disturbed by an impulse kind of noise. stgnal without noise in the case when signal is corrupted by a
could be caused by atmospheric or human made disturbanéggussian white noise. The robugt-periodogram is an ML es-
This form of noise is also present in images as film-graifimate of the periodogram of a non-noisy signal in the Lapla-
noise, photoelectronic noise, salt-pepper noise, etc. Th&ian noise environment. It can be successfully used for a wide
noises can be modeled by heavy-tailed (long-tailed) probabilitjass of impulse noises with other pdfs. In addition, the robust
density functions (pdfs). The class of generalized Cauchy-periodogram can be used for the accurate frequency estima-
noises includes almost all important heavy-tailed pdfs [1]. Sion of harmonic signals in an impulse noise environment. How-
fundamental approach to the estimation of signal parametegger, when the signals are corrupted by the Gaussian noise, it
when the signal is corrupted by an impulse noise, is given Ipyoduces slightly worse frequency estimation results than the
Huber [2]. He has proposed the robust estimates as an algiandard periodogram. When the frequency changes in time,
native to the classical maximum likelihood (ML) estimateghen the IF estimators based on both the standard and the ro-
The robust estimation theory has found numerous applicatidngst -periodogram are biased. The bias can be significant in
the case of the FM signals with rapid nonlinear IF changes [16].
Since the robust SPEC possesses a low TF resolution, we in-
troduce the robust WD. It can improve TF representation as well
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the proposed distribution to the impulse noise, has been dondibyull analogy with the moving average, this form of the FT
using a case study approach. Applications of the proposed distninimizes the functional
bution on determination of the region of support in time-varying N

N

filtering, and on estimation of signal’s IF, are presented. L= Z |z(n)e™ 4" — X(w)]? = Z lz(n) — X (w)el™ 2.
The paper is organized as follows. Basic results concerning ;= =1

the robust} -periodogram and the robust SPEC are reviewed 2)

and presented in Section II. The robust WD and its propertiébus, we can conclude that the standard FE(ef) is the ML
are considered in Section Ill. An iterative procedure for calcgstimate of the FT of(n) for the case when signa(n) is cor-
lation of the robust WD is given. In Section IV, the robust wyupted by Gaussian noisgn). In a similar way, we can intro-
applications for the determination of the signal’s region of sugluce the ML estimates and thebust estimates of the FT
port, in time-varying filtering, as well as for the IF estimation L
are given. Reduction of the IF estimation error by using a mg-' Definition of the Robust STFT
dian filter is demonstrated in Section IV as well. The standard STFT, at a given poiiw), can be defined as
a solution of the following optimization problem:

Il. ROBUST SHORT-TIME FOURIER TRANSFORM STFT(t, w) = arg{min J(¢,w;m)} 3)
A. Background and Motivation J(t,wim) = wi(nT)F(e(t,w,n)) 4)

To explain Katkovnik’s motivation for introduction of the ro- ) ) ) ] .
bust short-time Fourier transform (STFT), let us consider tgherews(nT) is a window function with the length, 7 is
problem of signal denoising. The general denoising task can'§€ sampling interval, the loss function is given/a@) = |e|?,
defined as processing ofn) = s(n)+v(n) with the aimto ob- Whereas the error function has the form
tain f(n) as close as possible#6n ), wheres(n) is a signal, and
v(n) is an additive white noise. The values fif») can be cal-
culated by using several samples around the considered instet¢ error function can be considered to be a residuum,
and minimizing the functiod. = EZI:LA F(|f(n)—x(k)|), expressing the “similarity” between the signal and a given
where2N + 1 is the window length, and'(-) is a loss function. harmonicexp(jwnZ’). The standard STFT, for a given point
The loss functionf'(e) = —logp,(¢), wherep, (¢) is the pdf (¢,w), follows from
of noiser(n), produces the ML estimator [2]. Fdf(c) = |¢/?,

e(t,w,n) = z(t +nT) — mexp(jwnT). (5)

we get a linear moving average filter as the ML estimator for the M| STETww = 0. (6)
. . . . . Om* m= (t,w)

signals(n) in the Gaussian noise environment. For the Lapla-

cian noise environment, the loss functifife) = |e¢| results in It is equal to

the median filter as the ML estimator. Unfortunately, the ML 1 '

estimates are quite sensitive to a deviation of the hypothetics@TFT(¢,w) = ﬁ Zx(t + nT)wy, (nT)e 9T,

noise distribution. Namely, even a slight deviation from the hy- n WhATY n 7

pothetical noise distribution can result in a significant degrada- ()

tion of the ML estimate [2], [17], [19], [20]. Huber propose The robust STFT STFH(¢, w) is introduced by using the loss

d ) . > \rr .
the robust estimators as an alternative to the ML estimators. IE_%?CUO”F(C) = |e| instead of'(¢) = [c|*. With this loss func-

determination of the robust estimator, it is necessary to consifré)P' the solution of optimization problem (3) can be obtained

a specific class of noises. The robust estimation for that clas m the following set of nonlinear equations:

the ML estimation for the particular noise, producing the highest STFTa(t,w) = Z d(t,w,n)z(t +nT)e ™" T (8)
outliers. The outliers can be determined based on widths of the —

noise pdftail. This robust estimator then produces quite accurate

estimation for all noises from this class. The robust estimation is d(t,w,n) = y(t,w,n)/ Z vt w,n) ©)
less accurate than the ML estimation for a particular noise from " _
P ~v(t,w,n) = w,(nD)|e(t, w,n)]| L (10)

the considered class, but this is the price that has to be paid for
the robustness. For numerous noise classes, the Laplacian pgfote: From (9), it easily follows thad®, d(t,w,n) = 1.
comes out as “the worst” noise, resultingfiffc) = |e| as the Since for a positive windoww,, (nT") we haved(t,w,n) > 0,
loss function for the robust estimation [2], [19]. More detailghen it follows that) < d(t,w,n) < 1 for any form of the error
about robust estimations can be found in [2] and [19]. e(t,w,n).
Similar reasoning as in the signal denoising can be used fonn order to calculate STHI(t,w), based on (8)—(10), it is
the estimation of the signals’ transforms by using noisy samecessary to define an appropriate iterative procedure; see [17].
plesz(n) = s(n) + »(n). Namely, the Fourier transform (FT) The robust STFT is an estimate of the standard STFT of non-
X(w) = Y0_; x(n)e™?*" /N can be treated as an average Ofoisy signal when the signal is corrupted by an impulse kind of
the samplegz(n)e "™, n € [1, N]}, i.e,, noise.
The robust SPEC SPEGt, w) = |[STFTg(t,w)|* produces
highly accurate results in the analysis of sinusoidal signals with
X(w) = mear{z(n)e " n € [1, N]}. (1) constant IFs [17]. However, the robust SPEC, like the standard
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Fig. 2. TFrepresentations of multicomponent signal. (a) Standard SM. (b) SM

Fig.1. Linear FM signal corrupted by heavy-tailed noise. (a) Robust SPEC. {}jsed on the robust STFT.
IF estimation based on the robust SPECt)—true IF;&(t)—IF estimation.

robust forms of the STFT as better estimates of the nonnoisy
one, results in a low TF resolution in the case of nonstationasyrFT instead of the standard ones, in the case of impulse noise,
Signals. This fact will be illustrated in an example. ConSid%e can expect improvement in the Signa| representa’[ion_
signal with a linear IF Another way of constructing quadratic distributions from the

STFT is based on the S-method (SM) [28], [29
x(t) = exp(j204.87(t + 0.5)2 — j1287(t 4+ 0.5)) (12) (SM) [28], [29]

corrupted by a heavy-tailed noise SM(t,w) = /P(H)STFT(t, w + 60)STFT (t,w — 6) df (15)

v(t) = a (Vi (8) + ji3 (1)) (12)  whereP(8) is a window in the frequency domain. FBY) =

. . . . 6(6), the SM is reduced to the SPEC, whereas forité) =
wherer;(t) i = 1,2 are mutually mdepende_nt C_Eaussmn_nm_sels m, it is equal to the WD [28]. The SM, with a proper choice
/\Q(O’ 1), a2nda = 0.85. The variance for Fh'.s kind of nmss 1S of frequency window width, can produce auto-terms close to
o, = 30a”. Thus, the S|gnal—to-n0|se rg‘uo IS SNR _13.'3‘) the auto-terms of the WD while avoiding cross-terms and other
.dB' The robustSPE_C, W'th corregpondlng IF estimate, is Sho\ﬁ‘nerferences that exist in the WD [28], [29]. Again, by using
in Fig. 1. The IF estimate is obtained as the robust STFT, as a better estimate of the non-noisy signals
STFT, we can expect that the SM will be closer to the SM of the
non-noisy signal.

For this noise, the standard SPEC failed to produce any reason! iS concept will be illustrated by an example with the sum
able result. It means that it was not possible to recognize tHeMWO linear FM signals
signal component at all. In addition, the IF estimation based on
this SPEC was extremely inaccurate, and it was not presented

her_e. Low T.F resolution of the robus_t SPEC is the main reasE:)grrupted by noise (12). The standard SM is presented in
for introducing other TF representations.

Fig. 2(a), whereas the SM based on the robust STFT [with
C. Cohen Class of Distributions Based on the Robust STFT _STF_T(t’w) being replaced by STR{(?,w) n (15)] is shown
in Fig. 2(b). The rectangular frequency windd#(¢), whose

We have just shown that in the case of impulse noise, betigyth is 4r, i.e., P(§) = 1 for |§| < 27 and P() = 0

estimates of the STFT of non-noisy signal could be obtainggsewnere, is used for the SM’s calculation. Improvement in

by the robust STFT than by the standard one. Once we ha¥e representation based on the robust STFT is evident.
efficiently estimated the STFT of the non-noisy signal from

the signal corrupted by an impulse nose [see (8)—(10)], we
can employ this robust STFT to calculate “robust versions” of
other quadratic TF distributions. Most of the commonly used !N the previous section we have used the robust STFT as a
quadratic TF distributions can be written in the form of thg00d estimate of the nonnoisy STFT in calculation of other TF
Cohen class of distributions [21]-[23]. An efficient way fordistributions. Thus, the optimization (3) and (4) is done with re-
the calculation of a distribution from the Cohen class, frofPect to the STFT and not with respect to the desired quadratic
the STFT, is based on the kernel eigenvalue decompositi@presentation. The obtained representation may not be optimal
[24]-[27]. A distribution from the Cohen class can be writtef? an impulse noise environment. This is the reason for intro-

as a sum of the SPECs [24], [26]: ducing the robust WD.
Consider the error function

&(t) = argmin SPEG(f, w). (13)

z(t) = 2 exp(5204.87t%) cos(102.47t) (16)

I1l. RoOBUSTWIGNER DISTRIBUTION

CD(t,w) = Y A[STFT,, (t,w)|? (14)
k e(t,w,n) =2z(t +nT)z*({t — nT) — mexp(32wnT) (17)

where ), are eigenvalues of the rotated time-lag kernel funcg,q the minimization problem associated with

tion (for details, see [24] and [26]), and STETn,w) are the

STFTs calculated by using the eigenvectors associatedyith J(t,w;m) = Z w(nT)F(e(t,w,n)) (18)
as window functionsw,,(nT) = q,(nT). Thus, by using the ~
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whereZ'(¢) is a loss function. By solving the equation “rE | il i:| b 7 £
|afss | "k | E:_.r' E"i ol
AJ(t,w;m) i -4 t 1A —
T lm=wD(t,w) =0 (19) N _: ! i | R y -
-5 i R e kL [
for F(e) = |e|?, the standard WD, which is normalized by a ‘j e b F
factor of k., = 2/3", wi(nT), is obtained: i R ol T E i
) e s Ii\. 0y P 'ﬁ‘b -I; I:-:a B
WD(t,w) = ko S wn(nT)x(t +nT)z"(t — nT)e 52T a na—
i e |
It produces an ideal concentration for the linear FM signa .i 1 “ |
2(t) = Aexp(jat?/2 + jbt) [21], [22]. Note that the WD il [{ |
(20) produces WD¥,w) = A2%§(w — at — b) when the | | |
window wy, (nT) is rectangular of an infinite duration. For any .
other window type, the WD value along the IF is given by *" o i v ai
WD(¢,at + b) = A2, b B

The robust WD can be de_rived from the I’nmimiz‘r"-tio&ig. 3. Linear FM signal corrupted by heavy-tailed noise. (a) Standard WD.
problem (18) with the loss functiof'(¢) = |e]. It assumes the (b) Robust WD. (c) IF estimation based on the standard WD. (d) IF estimation

form based on the robust WD.
WDg(t,w) 2 sed K 15 and 0.1. The average number
r(t,w) = u = 15 n = 0.1. \Y u
2on u;(”T)/'e(t’w’”)' of iterations is noise dependent. It will be studied in
Z |w: n 2(t +nT)a" (t — nT)e=%mT . (21) Section IV.
W, 7’L

Uniqueness and convergence of the fixed-point itera-
tive algorithm, for solving similar problems, is studied

Equation (21) is an implicit definition of WR(¢, w). Thus, i t\’%detall in [2. Sec 7.8] and [30]. Note that our solution

is necessary to define an iterative procedure for the robust
calculation. Here, we will use the fixed-point iterative algorith h(WD)%n/ S, hn(WD,), Where /i, (WD,,) =

to solve the equation of the form = f(z), asz; = f(z;-1), B iy Zi2wnT
with the stopping rulé(z; — x;_1)/x;—1| < n, wheren defines E:L(”T)Ae(t,wm)l, andx,, = 2z(t+nT)z*(t—nT)e .

1) can be written in the form WR,; = T(WD,,) =

i - . . or these kinds of solutions, it has been shown in [30] that if
the solut_|ondpre(;|sl:on. This procedure, applied to (21), can €, initial value is within WD € [min(x,), max(x,)], then
summarized as .O OWsS. ) the fixed-point iterative algorithm will converge to a local

Step 1) ¢ = 0 the standard WD calculation (20):  minimum WD* within the same range. In our case, the function

(0 e ey _jownt  J(t;w;ym) has a single minimum [30], and the proposed itera-
WDR(t,w) = kuw Zw"(”T)x(tJr”T)x (t—nT)e " tive procedure will converge to that single (global) minimum
" (22) since our initial value (22) is a mean value, and it satisfies the

Step2)i=i+1 necessary condition WPe [min(x,,), max(x,)].
|e(i) (t,w,n)| = [2z(t + nT)z*(t — nT) A. Properties of the Robust Wigner Distribution
— WDV (¢, w)ei2nT| 1) The robust WD is real-valued.
(i—1) _ /1@ 2) WDrg(t,w) is TF invariant. For a signaj(t) = x(t —
w,—(nT) = wnln )2/|e (tw,n)l 23) to)eiot, the robust WD is WR(y; , w) = WD g (x; £ —
D(Z)( ) = to,w — wo).
> nwy, (nT) 3) For signal y(t) = x(t)exp(jat?/2), we have
« Zws 1)(nT)x(t +nT) WDRg(y;t,w) = WDg(z;t,w — at).
n The proof of these properties is given in the Appendix.
x z*(t — nT)e I2nT (24)
B. Examples
Step 3) Ifthe relative absolute difference between two Example 1: For signal (11) corrupted by (12), the standard
iterations is smaller than and the robust WDs are shown in Fig. 3. It is obvious that the

standard WD is useless in the case of heavy-tailed noise. The IF

Q) _ (i—1)
WD (t,w) — WDy (t,w)| <npori=K (25) estimate, by using the robust WD, is obtained as

WDG ™ (¢, w)|

i ) O(t) = argmin WDR(t, w). (26)
then the robust WD is obtained as WD, w) = w
WD (t,w). If (25) is not satisfied, then go to step Example 2: Consider a nonlinear FM signal

i). Here, K represents the maximal allowed number

of iterations. Note that in all examples, we have z(t) = exp(5204.87t% — 5204.871) 27)
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o C. Wigner Distribution With Huber Loss Function

In many cases, the signal is not disturbed with a pure impulse
noise, but the Gaussian noise is present, as well. Impulse noise

B causes relatively rarely occurring and large errors, whereas the
2 il Gaussian noise produces smaller errors but in each considered
I point. Knowing that the loss functiak(¢) = |¢| produces good
T Al 0 3 results for impulse noise, i.e., large and that the loss func-
b tion F'(¢) = |e|? produces good results for Gaussian noise, i.e.,

small|e|, we can use a combination of these two loss functions,
which are known as the Huber loss function [2], [16], [31]

[P ff < A
o= {52 e 152 (50)

L LT

Note that the optimal value @k depends on the impulse noise
- : influence. Namely, for higher impulse noise influence, the value
e = of A should be close to 0, whereas for higher Gaussian noise,
A should be close tec. In our simulation, we usé = 1.
ns Determination of the optimal value @ is a topic of our fu-
ture research. The loss function (30) has been used in many ap-
| plications for detection of signals in mixed Gaussian and im-
5l kil | pulse noise environments [2], [16], [31]. It can be employed to
| defining a more general form of the robust WD.
The robust WD, with the Huber loss function in (18) and (19),

&

i 334 is equal to
o a oS
= f WD (t,w)
Fig. 4. TF representations of signals. (a) Standard WD of the nonlinear FM 2 En,|€|§A wi(nDz(t+nT)x* (t—nT)e 2T
signal. (b) Robust WD of the nonlinear FM signal. (c) Standard WD of the — Z wy (nT)—i—Z wy (nT)|e|_1
n,lel<a R nlef>A R

sum of signals. (d) Robust WD of the sum of signals. (e) Standard WD of the
real-valued linear FM signal. (f) Robust WD of the real-valued linear FM signal. 2 Z oA wh(nT) |C|_1w(t+nT)x* (t_nT)C—ij'nT
n,|e|>a
+ ;

ongeica WD)+, cpa wa(nD)le| =t

corrupted by (12). The standard WD is shown in Fig. 4(a),
whereas the robust WD is shown in Fig. 4(b). The robust WD

can also be used for efficient TF analysis of nonlinear FIM .o, e calculated through a similar iterative procedure, as in

signals corrupted by heavy-tailed noise. the case of the robust WD (22)—(25). All properties of the robust
Example 3: For two-component signal whose componentg,p (Section I1I-A) hold for (31) as well.

are separated in time

(1)

Two special cases of (31) are 1) the standard WIXer oo,

w(t) = exp(j204.8712 + j102.47t) exp(—4(t — 0.6)2) and 2) the robust WD fonh = 0.

q 2_ _ 2
+exp(7204.87t° — j102.47¢) exp(—4(t + 0.6)°) (28) IV. APPLICATION EXAMPLES

and corrupted by (12), the standard and the robust WD &ke Time-Varying Filtering

shown in Fig. 4(c) and (d), respectively. Note that the 1ag Time.varyingfiltering, based on the TF distributions, is an ac-
window has eliminated the cross-terms between two COMNR/e research topic [32]-[37]. For the signd}), a time-varying

nents. , , _ filtering relation can be defined by [32]
Example 4: Consider the real-valued linear FM signal
x(t) = 2 cos(1287t?) (29) J®) = /_ Wt +7/2,t =7 /2)w(r)a(t +)dr  (32)

corrupted by (12). The standard and the robust WD are showRerep(¢, 7) is the impulse response of a time-varying system,
in Fig. 4(e) and (f), respectively. For this specific signal, crosgn,(7) is a window function. A slight modification of the fil-

terms are not emphatic. Note that the robust WD is not designgfing relation is made in (32) in order to produce unmodified
with the goal to reduce cross-terms, which exist in the orlglnghtput, when a non-noisy FM signal is applied at the input. De-

WD. Therefore, they will, in general, be present in the robugjis on this modification are given in [32] and [33]. Using the
WD. The primary goal of the robust WD is to estimate the staprrserval’s theorem, (32) becomes

dard WD of the non-noisy signal, from a signal in high impulse
environment. The multicomponent signals can also be analyzed

by the approach presented in Section II-C. o) = / L (t,w)STFT(E, w) dw (33)

— o0
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A of the IF estimate is analyzed in [16] and [18]. Following the

| W\ﬂ \J\J\J\M MWIWMNWWMWMWW same procedure, which was developed in the case of the robust
‘ AT SPEC [16], [18], we concluded that the bias for all forms of the
05 04 03 02 -01 4] 0.1 02 03 0.4 0.5 a) WD |S the same and equal to

10 T
s E{Aon (1)} = E{w(t) — &n(t)} = B.R2P(t) + O(hY)

< ’ ' ! wherew,,(t) denotes the IF estimate obtained by using a WD
: | with window width 2; O(h*) denotes a remainder &f order,

andB,, = [ wp(u)utdu/(3! [7 wy(u)u?du). The second
derivative of the IF is denoted ky?)(¢). For linear FM signals,

5z o1 o
1 ~ A Wi w®@(t) = 0; the bias is equal to zero. This conclusion can be
° WNWMNW\WMMWWWWWMW directly drawn from Property 3 of the robust WD, which states
* — e that this distribution is completely concentrated along the IF for
-0.2 -0.1 [}

L L L . L
0 02 0 04 0.5 b)

I ) )
05 -04 03
T T
) !
05 04

Al . .3

o1 oz o3 o4 05 o linear FM signals. Therefore, the bias is a function of the IF
higher order derivatives. The IF estimate bias is not influenced

Fig. 5. Time-varying filtering. (a) Original linear FM signal. (b) Signal€ither by the form of noise or by the loss function.

corrupted by mixture of the Gaussian and impulse noise. (c) Filtered signal. The |F estimator variance, based on the standard WD, has

two components: The first one represents noise influence, and

T
)

0.3

time

with the region of supporLy(t,w) = [7_h(t + 7/2,t — the second one results from the noise-to-signal interaction [16],
7/2)e~9“"dr. The value of Lg(t,w) for the optimal [38]. It has been derived in [16] and [38] for high SNR values
time-varying filter is derived in [32]-[36] as o2 < A%
Case Study AnalysisThe impulse noise usually has the vari-
Li(t,w) = E{WD,(t,w)} (34) ance that is significantly greater than the signal amplitude. It
’ E{WD..(¢t,w)} + E{WD,.(t,w)} prevents one from getting a reliable expression for the IF esti-

mator variance. That is the reason we will perform a numerical
whereE{WD,,(t,w)} is the expected value of the WD (Wigneranalysis of the IF estimator accuracy. In particular, we will use
spectrum) of signad(¢). For the cases when the signal’s TF disthe case study approach [39]. For this purpose, we will consider
tribution is highly concentrated along the IF and the amount gfgnal (11), which is embedded with a mixed Gaussian and im-
noise in the TF plane at these points may be neglected, the giglse noise
vious relation reduces to a simple form, which has been pro-

posed in [36], as v(t) = a[(1 = B (1) + jve(t)) + B3(t) + 12 (1)] (37)

1, for E{WD,(t,w)} #0

0. elsewhere (35) wherey,(t),i = 1,...,4 are mutually independent Gaussian

noisesA(0,1). The variance of considered noise is equal to
rgz = 202[(1 — 8)? + 1543?]. Since signal (11) has a unity
é'lmplitude, the SNR is

Lp(t,w) = {

We will use the robust WD for estimation of the region whe

E{WD..(¢t,w)} # 0. For a monocomponent noisy signal, th

filter is implemented, according to (35), in the following way: o o ) )

In a considered instant find the IF estimates(t) as a posi- SNR= 10log,[A%/207[(1-5)"+1557]]

tion of the TF distribution maximum; séty (¢, &(¢)) = 1, and = —3dB —20log;q 0 —10log;o(1—24+163%). (38)

Ly (t,w) = 0forw # &(t); calculatef(t) according to (33).

Implementation of this time-varying filtering concept on multi-The parametef determines the amount of impulse noise in the

component signals is discussed in [33]. noise mixture. Fo3 = 0, we get the Gaussian white noise,
This filtering approach using the robust WD in the region adnd for3 = 1, we get a pure impulse noise. The parameter

support estimation has been applied on signal (11). The nois¢noise amount) varies withia € [0,2]. The resolution step

is a mixture of a Gaussian type, wit? = 0.1, and an im- s 0.05 in both directions. For each p&it, o), we performed

pulse type (12), witly = 0.4. The original signal (11), the noisy 4480 tests and found the percentage of hits at the correct IF. For

signal, and the filtered signal are presented in Fig. 5(a)—(c), k&rious WDs A — oo, A = 0 andA = 1), this percentage

spectively. The improvement in the filtered signal is obviouss shown in Fig. 6. One can conclude from this figure that for a

Noise components that are not at the IF are suppressed.  pure Gaussian noisg, = 0, the standard WD, which is shown

. in Fig. 6(a), gives the best accuracy since its percentage of hits

B. IF Estimation remains close to 1, within the widest regioncafstarting from
Here, we will consider the IF estimation, performed by using = 0. The accuracy of the robust WDs is slightly lower foe

three forms of the WD (standard, robust, and the robust WD However, when the impulse noise amount increases,0,

based on the Huber loss function). The mean squared eraod then, the robust WDs [see Fig. 6(b) and (c)] remain almost

(MSE) of the IF estimation can be written, according to [16]nsensitive to this component of noise, whereas the standard WD

[38], as a sum of the variance and bias. For the SPEC, the MB&formance is significantly worsened; see Fig. 6(a). Areas of
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Fig. 7. IF estimate. (a) Without median filter. (b) With median filter.
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Fig.6. Accuracy of the IF estimates based on the different forms of the WD. (& o
Standard WD. (b) Robust WD. (c) WD with Huber loss function. (d) Contour o
plot for 50% accuracy. (e) Contour plot for 95% accuracy. Shaded area—tt o5
standard WD, solid line—the robust WD for = 0, and dotted line—therobust B | -
WD for A = 1. ¢

50% 95%

50% and 95% of accuracy of the WD-based IF estimators at
shown in Fig. 6(d) and (e). They are obtained as contour plots
Fig. 6(a)—(c) for the given percentage of hits. The shaded are
represents the range where the standard WD has a percent:
of hits greater than the given value. For= 0 ando = 1, the
standard WD has accuracy greater than 95%, wheregsot
ando = 1, the accuracy of this distribution is less than 50%. The
area of the IF estimator accuracy with the robust WD, and the

WD with the Huber loss function. are shown by solid and dotte'iip- 8. Accuracy of the IF estimates based on the different forms of the WD
’ with output median filter. (a) Standard WD. (b) Robust WD. (c) WD with Huber

lines, respectively. Fof ~ 0, the standard WD shows Sl_ightlyloss functionA = 1. (d) Contour plot for 50% accuracy. (e) Contour plot for
better accuracy than the robust forms of the WD. By an increa®®s accuracy. Shaded area—the standard WD, solid line—the robust WD for

of the impulse noise component, accuracy of the standard WD 0. and dotted line—the robust WD fax = 1.
becomes poor. The robust WD’s accuracy remains good. For

example, for3 = 1, the robust WD has accuracy greater thagr 4+ + 4 7. The percentage of hits at the correct IF, by using
70% foro = 1.5 and greater than 95% fer = 0.75. the WDs withA — oo, A = 0 andA = 1, after applying the
Note that in the impulse noise environment, by smoothingedian filter, is shown in Fig. 8(a)-(c). Here, we assume that
the WD (using narrower window or kernel function), we get gye correct hits are those within a range of one sample around
significant increase of the MSE and worse accuracy than in & exact IF. Areas where the IF estimator accuracy is greater
case of the nonsmoothed WD. This effect is analyzed in detgibn 50 and 95%, after applying the median filter, are shown
for the robust SPEC in [16]. in Fig. 8(d) and (e). The area of applicability of the robust WD
Median Filter in the IF Estimation:The large noise values js wider than for the standard WD case. Comparing Fig. 6 and
could cause the position of the TF distribution maximum to g one can see the improvement of accuracy, which is achieved
outside the distribution auto-term [40]. This effect results in th@y using output median filter. Note that the median filter could
IF estimation error that has an impulse nature. By implementipgt pe efficiently used for FM signal filtering since the high-
a median filter directly on the estimated IF values, we can dﬁequency components would be completely degraded.
crease the MSE. Details on the high noise influence on the IFNymber of Iterations:A statistical analysis of the average
estimation, in the case of the additive Gaussian noise, canffinper of iterations in the robust WD calculation is performed
found in [40]. The IF estimation by using the robust WD, fogg well. The number of iterations depends on the noise parame-
B =0.85ando = 1,is shown in Fig. 7(a). From this figure, Weters. For pure Gaussian noisé £ 0), the number of iterations
can see that errors in the IF estimation have an impulse naty&eshown in Fig. 9(a), as a function of Fig. 9(b) presents the
The IF estimate from Fig. 7(a), after applying median filter withymper of iterations fop = 1, whereas Fig. 9(c) shows the
length3 number of iterations as a function gffor fixed ¢ = 1. In alll
examples, it is approximately twice as high fir= 0 than for
Omed(t) = mediadw(t — 1), &(t),0(t + 1)} (39) A = 1. We can conclude that the convergence with the Huber
loss function is faster. At the instants where the impulse noise
is shown in Fig. 7(b). Byoy,ea(t), we denoted the median ofassumes relatively small values, the error is small, and thus, the
the set whose elements are the estimated IFs at the instantsnumber of points wherg| > A is also small. Therefore, the
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Fig. 9. Average number of iterations for the robust WD calculation3 (&) 0
Gaussian white noise. (¥)= 1 heavy-tailed noise. (c) Fixed = 1 as function
of 3.

second sum in (31) does not require numerous iterations, as it

was the case for the robust WD.

V. CONCLUSION
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