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Abstract– A general form of the time-

frequency distribution with complex-lag argu-

ment is proposed. It is based on the General-

ized complex-lag distribution, modified to pro-

vide an efficient instantaneous frequency esti-

mation in the case of multicomponent signals.

The form of proposed distribution is suitable

for numerical realization and it provides an ar-

bitrarily high distribution concentration. The

theory is illustrated by an example.
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The distribution concentration is very im-
portant for time-frequency signal analysis.
The commonly used Wigner distribution pro-
vides an ideal concentration along the linear
instantaneous frequency (IF). To improve dis-
tribution concentration for signals with non-
linear IF, the L-Wigner distribution and poly-
nomial Wigner distribution have been used
[1]-[3]. By introducing time-frequency distri-
bution with complex-lag argument [4], fur-
ther improvement of distribution concentra-
tion is achieved. This distribution has been
studied in [5]-[7]. Advantages of the complex
time-frequency distribution are especially em-
phasized in the case of a fast IF variations,
within several signal samples. The generalized
complex-lag distribution (GCD) has been re-
cently introduced and analyzed for the case of
monocomponent signals [8]. It has been shown
that the GCD provides an arbitrarily high con-
centration by increasing the distribution or-
der. In this letter, the time-frequency GCD
is modified to provide a general form of cross-
terms free representation for multicomponent
signals with fast varying IF. Theoretical con-
siderations are illustrated and proven by the
example.
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II. T�
���

Time-frequency representation for a signal
in the form x=Aejφ(t) can be, generally, writ-
ten as:

TFR(t, ω) =

= 2πA2δ(ω − φ′(t))∗ωW (ω)∗ωFT{ejQ(t,τ)},
(1)

where W (ω) is the Fourier transform (FT ) of
a lag-window, and Q(t,τ) is the factor causing
distribution spread around the IF. An ideal
time-frequency representation would be ob-
tained for Q(t,τ)=0 (the artifacts do not ex-
ist).
The time-frequency GCD has been defined

as [8]:

GCDN(t, ω) =

=

∞∫

−∞

N−1∏

p=0

xw
∗

N,p(t+
wN,p
N

τ)e−jωτdτ, (2)

where wN,p=e2jπp/N are the roots on the unit
circle (* denotes complex conjugate), while N
is an even number that represents the distrib-
ution order. Note that the roots on the unit
circle appear in pairs: wN,p+N/2= -wN,p.
The spread factors for some time-frequency

distributions are given in Table I.
To make it suitable for multicomponent sig-

nal analysis, we introduce a modification of
(2):

GCDN(t, ω) =

=

∞∫

−∞

x(t+
τ

N
)x∗(t−

τ

N
)c(t, τ)e−jωτdτ, (3)

where,

c(t, τ) =
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TABLE I
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Distribution Spread factor

[1ex] Wigner distribution, (GCDN ,
N=2)

Q(t, τ) = φ(3)(t) τ
3

223! + φ(5)(t) τ
5

245! + ...

Polynomial Wigner distribution (IV
ord.)

Q(t, τ) = −0.327φ(5)(t) τ
5

5! −0.386φ
(7)(t) τ

7

7! +...

[1ex] GCDN , N=6 Q(t, τ) = φ(7)(t) τ
7

667! + φ(13)(t) τ13

61213! + ...

GCDN , N=s Q(t, τ) = φs+1(t) τs+1

ss(s+1)!+φ2s+1(t) τ2s+1

s2s(2s+1)!+
...

=

N/2−1∏

p=1

xw
∗

N,p(t+
wN,p
N

τ)x−w
∗

N,p(t−
wN,p
N

τ).

(4)
The quantity c(t,τ) will be referred as the
concentration function. Note that this func-
tion arbitrarily improves the concentration
of the Wigner distribution; namely, by in-
creasing distribution order N, the influence
of inner interference terms (Q(t,τ)) will be
significantly reduced (Table I). Also, this
form of the time-frequency GCD satisfies
the marginal properties. Observe that the
GCD2(for N=2) represents the Wigner dis-
tribution (with the auto-correlation function
Rt(2τ/N)=x(t+τ/N ) x∗(t-τ/N ) ).
To modify the concentration function c(t,τ),

the term wN,p, will be written in the form:
w
N,p

= wrp
+jwip

, where wrp and wip are the

real and the imaginary part of wN,p, respec-
tively. Thus, c(t,τ) for ∀p: p=1,...,N /2-1, can
be written as:

cp(t, τ) = R
wrp
t (

2(wrp + jwip)

N
τ)

×R
−jwip
t (

2(wrp + jwip)

N
τ) =

= crp(t, τ)cip(t, τ), (5)

where Rt(·) corresponds to the autocorrelation
function. Considering the signal of the form
x=Aejφ(t), and applying the Taylor series ex-
pansion of the phase function, we obtain:

crp(t, τ) =

= ejwrp (φ(t+(wrp+jwip )
τ
N
)−φ(t−(wrp+jwip )

τ
N
))

= e2jwrp (φ
′

(t)wrp
τ
N
+φ(3)(t)(w3rp−3wrpw

2
ip
) τ

3

3!N + ...)

×e
−2wrp (φ

′

(t)wip
τ
N
+φ(3)(t)(3w2rpwip−w

3
ip
) τ

3

3!N +...)

(6)
Thus, crp(t, τ) contains two terms. The first

one brings the information about the IF, while
the second represents the amplitude modula-
tion. The value of this term can be large and
it might affect the precision of the IF estima-
tion. To avoid the influence of the amplitude
term, the following modification is introduced:

c
′

rp(t, τ) = ejwrpangle(Rt(
2(wrp+jwip )

N
τ)). (7)

By analogy with crp(t, τ) (when the expo-
nent −jwip is used in (6) instead of wrp), the
modification of cip(t, τ) can be written as:

c
′

ip(t, τ) = e
−jwip log

∣∣∣∣Rt(
2(wrp+jwip

)

N
τ

∣∣∣∣
. (8)

Replacing crp(t, τ) and cip(t, τ) in (5) with
(7) and (8), respectively, and having in mind
(4) and (3), the GCD can be modified as:

MGCDN(t, ω) =

= FTτ{Rt(
2

N
τ)

N/2−1∏

p=1

c
′

rp(t, τ)c
′

ip(t, τ)}

=
N

2
WD(t,

N

2
ω)∗ωFTt {c(t, τ)} , (9)

where c(t, τ) =
∏N/2−1
p=1 c

′

rp(t, τ)c
′

ip
(t, τ) (FT τ

is the Fourier transform), while WD is the
Wigner distribution.
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The distribution defined by (9) will be fur-
ther modified for the case of multicompo-
nent signals x(n) =

∑Q
q=1Aqe

jφq(n), providing
a general form of the cross-terms free time-
frequency distribution with complex-lag argu-
ment.
Similarly as in [5], the analytical extension

of x (n) for multicomponent signals can be
written as eq. 10.
where n and k are discrete time and fre-

quency variables, respectively, while k
q
(n) =

arg

{
max
k

STFT (n, k)

}
is the position of the

qth signal component maximum in the short
time Fourier transform (STFT ), for a given
instant n. It is assumed that the qth sig-
nal component is within the region [kq(n)-
Wq, kq(n)+Wq]. Thus, for a given instant

n, c
′

rp(n,m)q and c
′

ip
(n,m)q of the qth signal

component, are calculated according to eq. 11
and eq. 12.
In the next iteration STFT (n,k) should

be set to zero within the region [kq(n)-Wq,
kq(n)+Wq]. The procedure is repeated Q
times, where Q is the expected number of
signal’s components. It is important to note
that this approach removes the cross-terms if
the distance between signal’s components is
d=2Wq. Finally, the Fourier transforms of

c
′

rp(n,m)qand c
′

ip
(n,m)q are:

Cr(n, k) = FTm






N/2−1∏

p=1

Q∑

q=1

c
′

rp(n,m)q






Ci(n, k) = FTm






N/2−1∏

p=1

Q∑

q=1

c
′

ip(n,m)q





.

(13)
By introducing the S-method instead of the

Wigner distribution in (9), and performing
the convolution around l=0, the modified gen-
eral form of cross terms free complex time-
frequency distribution is defined as:

MGCDN(n, k) =

=
L∑

l=−L

P (l)SM(n, k + l)C(n, k − l), (14)

where the SM (n,k) is, [1]: SM(n, k) =∑L
l=−L P (l)STFT (n, k + l)STFT ∗(n, k − l),

and C(n, k) =
∑L
l=−L P (l)Cr(n, k+l)Ci(n, k−

l). Note that the window P(l) will remove all
cross-terms if the size of window is less than
the minimal distance between auto-terms.
Example: Consider a multicomponent signal
in the form:

x(t) = ej·(3·cos(πt)+2/3·cos(5πt)−6.5πt)+

+ej·(4·cos(0.5πt)+3/2·cos(0.5πt)+1/2·cos(5πt)+8.5πt),
(15)

where t∈[-1,1] and ν(t) is complex Gaussian
white noise with σν = 0.175 (the SNR is 15
dB, and is lower than the SNR considered in
[15] for multicomponent signals). The signal is
sampled at A/t = 1/64, and L=5 is used. For
the calculation of the concentration functions
c
′

rp(n,m) and c
′

ip
(n,m) the signal is oversam-

pled by a factor N /2.
The results obtained for MGCD with N=2,

4, and 6 are given in Fig 1. Note that for

xq(n± (wrp + jwip)
m

N
) =

Wq∑

−Wq

STFT (n, k + kq(n))e
j(k+kq(n))(n±(wrp+jwip )

m
N
), (10)

c
′

rp(n,m)q = e2j
m
N
kq(n)(wrp )

2

exp

(

jwrpangle(

∑Wq

−Wq
STFT (n, k + kq(n))e

j(n+(wrp+jwip )
m
N
)k

∑Wq

−Wq
STFT (n, k + kq(n))e

j(n−(wrp+jwip )
m
N
)k
)

)

(11)

c
′

ip(n,m)q = e2j
m
N
kq(n)(wip )

2

exp

(

jwip log

∣∣∣∣∣

∑Wq

−Wq STFT (n, k + kq(n))e
j(n−(wrp+jwip )

m
N
)k

∑Wq

−Wq STFT (n, k + kq(n))e
j(n+(wrp+jwip )

m
N
)k

∣∣∣∣∣

)

.

(12)
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Fig. 1. a) MGCD, N=2 (Wigner distribution), b)
MGCD, N=4, c) MGCD, N=6, d) exact IF (blue
line) and estimated IF (red line) from MGCD with
N=6

the considered signal, the MGCD with N=6
(Fig 1.c) produces significantly higher auto-
terms concentration than the MGCD with
N=4, while the Wigner distribution (Fig 1.a)
is useless for the IF estimation. The exact IF
and IF estimated from the MGCD with N=6
are given in Fig 1.d.

IV. C��	���
��

The time-frequency generalized complex-lag
distribution is modified. The introduced mod-
ifications lead to the general form of cross-
terms free highly concentrated distribution
that can be successfully used for estimation of
the fast varying IF of multicomponent signals.
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