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Generalization of the Fourier Domain
Watermarking to the
Space/Spatial-Frequency Domain
Igor Djurović, Srdjan Stanković, Ioannis Pitas, LJubiša Stanković
drawbacks of this watermarking are in its sensitivity to the high pass and nonlinear filtering.
In this paper we propose watermarking in
the joint space/spatial-frequency domain. It
may be considered as a generalization of the
watermarking in Fourier domain or in space
domain separately. A special case providing
I. I  
direct relation to the Fourier domain waterProtection of information distributed through marking is given. Watermark detection is permultimedia is very actual research topic in the formed using the two-dimensional form of the
last several years. Watermarking is one of the Radon-Wigner distribution [7], [8].
most important techniques for digital informaThe paper is organized as follows. Theorettion protection [1]-[6]. The basic idea of water- ical background is given in Section II. Theory
marking is in embedding a watermark signal to is illustrated on examples in Section III, usimage (or other multimedia signal) which will ing watermarked images and various attacks.
not be visible. The watermark should be de- Concluding remarks are given in Section IV.
tected only by using a proper private known
to the copyright holder (key). A group of waII. W      
termarking methods consists in embedding a
S
/S  -F    D 
watermark in transformation domain (Fourier,
Consider an image I(x, y). Fourier domain
wavelet, DCT, Fourier-Melin). Here, it is necwatermark
can be written in the spatial doessary to select and change transformation comain
as:
efficients so that the created changes will not
have significant influence on the visual percepM

tion. The selected technique has to be roWF (x, y) =
Ai exp[j(xai + ybi )] =
bust on the geometrical distortion, filtering,
i=1
histogram stretching, and other image processM
ing operations. Having in mind the previous

=
Ai SF i (x, y)
(1)
requests, usually, the watermark is embedded
i=1
in a selected number of coefficients, avoiding
low and high pass transform coefficients. The
where Ai is the watermark key (randomly genwatermark signal having random amplitudes is erated amplitudes) and a , b determine locai i
added to the selected coefficients. Commonly,
tion of transformation coefficients in Fourier
the amplitudes of watermark coefficients have domain. For simplicity, without loss of genzero mean Gaussian distribution. Watermark
erality, the analytical image will be considdetection is performed through correlation in
ered [9], [12]. The detection of watermark
the selected DFT domain coefficients. Some can be performed based on the value of the
Abstract – Generalization of the Fourier domain watermarking is proposed. It has been
done using joint space/spatial-frequency analysis and pro jections of the Wigner distribution,
the two-dimensional Radon-Wigner distribution.
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two-dimensional (2D) Fourier transform of
I  (x, y) = I(x, y) + W (x, y) at the points de-
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termined by ai , bi as follows:
d=

M


Ai F T2D [I  (x, y)]|at (ωx ,ωy )=(ai ,bi )

i=1

(2)
The previous concept of watermarking can
be extended using a sum of 2D linear frequency
modulated signals (chirps)
WW (x, y) =
=

M


Ai exp[j(ai1 x2 /2 + ai2 y 2 /2 + ai3 xy)]×

i=1

exp[j(ai4 x + ai5 y)] =
=

M


Ai SLi (x, y)SF i (x, y)

d=

Since the Wigner distribution is highly appropriate for processing of 2D linear frequency
modulated signal, we will use it as a basic
theoretical tool in this analysis. The Wigner
distribution of an image f (x, y) is defined as
[9]-[13]:
W Df (x, y, ω x , ω y ) =
 ∞ ∞
x0
y0
=
f (x + , y + )×
2
2
−∞ −∞
x
y
0
0
f ∗ (x − , y − )e−jωx x0 −jωy y0 dx0 dy0 (4)
2
2
For signal (3) the Wigner distribution is:
W Dw (x, y, ω x , ωy ) =
M


A2i δ(ωx − ai1 x − ai3 y − ai4 ,

i=1

ωy − ai2 y − ai3 x − ai5 ) + cross − terms (5)
Although the Wigner distribution of chirp signal is already completely concentrated along
hyperplanes ω x = ai1 x + ai3 y + ai4 , ω y =
ai2 y + ai3 x + ai5 , its application to watermark
detection can be simplified and detection performance can be improved by using its projections, the Radon-Wigner distribution, along
the planes defined by ai1 , ai2 , ai3 . In this way
we will perform summing over delta pulses (5)
along projection planes, while at the same time
eliminating cross-terms [7], [8]. The projection of the Wigner distribution of chirp signal

M

i=1

(3)

i=1

=

along these projection planes will be dominant
over the Wigner distribution of the image, because the second is dispersed in different projection planes. The modulus of the RadonWigner distribution (RW Di ) can be easily calculated by multiplying the watermarked im∗
age by Ai SLi
(x, y), and then calculating the
Fourier transform of this product. Let us denote by Ia (x, y) the watermarked and, possible, modified image. The relation for watermark detection, according to the previous consideration and (2), is given by the correlation
output:
RW Di =

M


Ai ×

i=1

∗
F T2D [Ia (x, y)SLi
(x, y)]|at (ωx ,ωy )=(ai4 ,ai5 )
(6)
d should be greater than a reference detection threshold. Watermark key can be chosen in a form of Gaussian zero mean distributed amplitudes. The variance of amplitude
Ai should be taken by a trade off between
the watermark detection possibility and the
visual imperceptibility. The location of region where the transformation coefficients aij ,
i = 1, 2, ..., M, j = 1, ..., 5 are embedded is
determined according to the criteria of visual
imperceptibility as well. It is possible to apply some of the techniques of visual masking
on the watermarked image, such as those described in [4].
We can define a joint space/spatialfrequency watermarking that can be directly
realized using the Fourier domain watermarking as a special case of the proposed watermarking method. If we take ∀ai1 = a1 , ∀ai2 =
a2 , and ∀ai3 = a3 , i = 1, 2, ..., M , in (3) the
previous watermark become:

WS (x, y) = exp[j(a1 x2 /2 + a2 y 2 /2 + a3 xy)]×
M


Ai exp[j(ai4 x + ai5 y)]

(7)

i=1

It can be realized in four steps:
1.
Generation of watermark (7) in
Fourier domain using transformation coefficients (ai4 , ai5 ), i = 1, 2, ..., M .
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Fig. 1. First column: test images, Second column: watermarked images, Third and Fourth column: attacked
watermarked images

2. Multiplication of these coefficients by 2D
complex chirp exp[j(a1 x2 /2 + a2 y 2 /2 + a3 xy)].
3. Watermark embedding in the image using
visual masking.
4. The watermark detection procedure consists in multiplying the watermarked image by
exp[−j(a1 x2 /2 + a2 y 2 /2 + a3 xy)] and then detecting watermark by using Ai according (6).
We can embed watermark, simultaneously, in
two or more hyperplanes, for example as:
WS (x, y) =
=

K

{exp[j(a1k x2 /2 + a2k y 2 /2 + a3k xy)]×
k=1

M


Aik exp[j(ai4k x + ai5k y)]}

(8)

i=1

The coefficients Aki are determined in the
same way as in the watermark defined by (7).
The previous concept provides an increase in
flexibility, due to parameters (a1k , a2k , a3k ),
with respect to the Fourier domain case. For
example, by taking (a1k , a2k , a3k ) close to
zero the watermark will be more resistive to
the low-pass filtering and compression. If

(a1k , a2k , a3k ) are significantly greater than
zero then the watermark will be more resistive
to high-pass filtering.
III. E  
The proposed watermarking is generated
and tested on the standard test images Baboon (480x500), Lena (244x260) and Camera
(256x256) shown in the first column of Figure 1. Watermarked images are shown in the
second column of Figure 1. Watermark detection in these images is shown in Figure 2 (first
column). Third and fourth columns in Figure
1 represent the attacked watermarked images.
For image of Baboon we have applied: a highpass filtering of image with cut-off frequency
1/6 of maximal frequency (third column), and
a low-pass filtering of image with cut-off frequency 1/3 of maximal frequency (forth column). In the test image Lena, Gaussian white
noise with variance σ = 60 is embedded (third
column), as well as a radial Gaussian blur filter
with r = 4 (fourth column). Image Camera is
tested in the cases of cropping and histogram
stretching.
Detection is performed for 500 different wa-
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Fig. 2. Detection of watermark

termarks, where only the true watermark number 100 is detected. Watermark detections in
the attacked images are shown in the second
and third column of Figure 2.
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the local frequency, group shift and cross-terms
in the multidimensional time-frequency distributions; A method for multidimensional timefrequency analysis”, IEEE Transaction on Signal
Processing, vol. 43, no. 7, July 1995, pp. 17191725.

1567
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