{258 YN
N -!')\:;..At

ELSEVIER

Signal Processing 77 (1999) 115-120

SIGNAL

PROCESSING

www.elsevier.nl/locate/sigpro

Fast communication

Time-frequency representation based
on the reassigned S-method

Igor Djurovi¢, LJubisa Stankovic*

Elektrotehnicki Fakultet, University of Montenegro, 81000 Podgorica, Montenegro, Yugoslavia

Received 21 January 1999

Abstract

The paper presents a reassignment based method for improvement of the time-frequency representations. The
S-method is used as a basis for the reassignment. Very simple reassigned form is proposed and illustrated on the
examples. © 1999 Published by Elsevier Science B.V. All rights reserved.

1. Introduction and review

A method for improved distribution concentra-
tion, based on the reassignment of distribution
values in the time-frequency plane has been pro-
posed by Kodera et al. [9]. It has been reintroduced
for the readability improvement of time-frequency
and time-scale distributions by Auger and Flandrin
[1,4]. This method is known as the reassignment
method, and it can be of help in parametric signal
identification [2].

This paper extends the reassignment approach
to the S-method [12]. The S-method produces
time-frequency representation close to the pseudo-
Wigner distribution, avoiding cross-terms [ 12-14].
The reassigned S-method turns out to be very effi-
cient and numerically less consuming than the
other reassigned distribution forms. A simplified
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form of the reassignment for the S-method is pro-
posed. Examples, including noisy signals, are given
as the illustration of the presented procedure.

The reassigned form of a distribution from the
Cohen class [1,5,8]

CD(t, )

= 1\[00 jw (u, ) WD(t — u,0 — v)dudo (1)
2n

T 0 T O

is given by
1 o0 o0
RCD(t,w) = 2ch f CD(t', )o(t — t.(t', "))

x 8o — ot ) dt’ do,

)

where WD(t, w) is the Wigner distribution, while
I1(t, w) is a distribution kernel in time-frequency
domain. The reassignment method calculation may
be understood as assigning the values of a distribu-
tion to a center of gravity of the considered region,
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It is interesting to note that for the Wigner distri-
bution, when TI(t,w) = 2nd(t)d(w), the reassigned
distribution is identical to the original distribution
since in that case t(t’,®’) = t' and w(t’,®') = @'
The reassigned form of the spectrogram is ob-
tained using general expressions (3), (4), as [1]

STFT, (" )
t(t, )=t + Redoe o 2L
@) =1+ e{STFT@UQwO}

STFT, ({, )
STFT,(t, ) |’

)
o(tho')=ow" — Im{

where 7,, = tw(t), D,, = 0w(t)/d7 and

STFT,(t,w) = J x(t + tw*(r)e 1 dr.

Examples of the reassigned forms of some other
reduced interference distributions may be found in

[1,11].

2. Reassigned S-method

The S-method is defined as [12-14]
SMW,W([9 w)

= lf POSTFT,(t,w + O)STFTE(t, 0 — 0)do.
It belongs to the Cohen class of distributions.
Kernel of the S-method in time-frequency
domain is given by II(t,w) = 2p(2t)WD, (t, w),
where p(t) = IFT{P(0)}, and WD,(t, ®) is the Wig-
ner distribution of a lag-window function.

For a multicomponent signal, with an appropri-
ate window P(6) width, the S-method may produce
a distribution close to the sum of the pseudo-
Wigner distributions of each individual signal
component, SM,, (t,w)~ Y™ WD, (t,w). This
interesting property has already turned the atten-
tion of numerous other researchers to the S-method
[3,6,7].

Readability of the time—frequency representation
using the S-method may be improved by reassign-
ing its values according to

SM., .t )
= Red e ™/
t{t,w) =1t + e{SMW,W(t, w)}’

S1\/ID . w(ta (l))
— —1 e WA T
o(t,m) = o m{ SM,, (0, a))}’

where the indexes in SM, ,,(t,w) denote the win-
dows used in the corresponding STFT calculation.

The expression for t,(t',w’) can significantly be
simplified for the rectangular window P(0), as it is
used in the S-method. Then'

tdt, w)

STFT,(t,0 + 0p)STFT(t, 0 — Op)
=t+Im ,
SMw,w(ts (l))

™)

where 20p is the window P(0) width, P(0) =0
for |0] > 0p. As expected, if the window P(0)
is wider than the auto-term width (width of the
corresponding |STFT,(t,w)|), then for that
point STFT,(t, + 0p)STFTE(t, 0 — 0p)=0, thus
t{t,w) = t. This is the same as in the Wigner distri-
bution case, since the S-method and the Wigner
distribution are equal for that auto-term. It proves
once more the fact that, in this case, the S-method is
locally equal to the Wigner distribution.

UIf the frequency domain window P(0) is rectangular, with the
width 20,, then [10]

® dP(0)
G(.1,0)= = d0 = G(o.1,— 0,) — G(o1.0,)
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Discrete form of the reassignment displacement
is
ny(n, k)

— STFT,(n, k + L)STFT#(n,k — L)
N ISTFT,.(n, k)|> + M(n, k) ’

@®)
with
M(n, k)

L
=2Re ) STFT,(n,k + )STFT#(n, k — i).
i=1
This is a very simple form for the applications. As it
will be shown by examples, it may significantly
improve the results, approaching the Wigner distri-
bution without cross-terms case. Relation (8) re-
quires the STFT calculation using only one window.
Thus, it can be numerically very efficient.
Note that the realization of t,(n, k) can be done in
a form appropriate for the VLSI implementations,
using the recursive STFT(n, k) relation [10,11,14]

STFT(n,k) = [STFTx(n — 1, k)
—x(n — N/2) + x(n + N/2)]Je! >N,
©)

where N is the rectangular window width. The
modification for the other window types, like for
example for the Hanning window, is

STFTy(n, k)
= ISTFTg(n, k)
+ 4[STFTg(n,k — 1) + STFTg(n, k + 1)].
(10)

Also, we can calculate the STFT),_ based on the
STFT with rectangular window. For example if w(t)
is the Hanning window then

STFT,,(n, k)

L

= LS TFT(nk — 1) = STETy(n.k + 1],

where T is the sampling interval.

3. Simplified form

Further simplification may be achieved if we use
the reassignment along the time-axis only. Since the
S-method is already close to the Wigner distri-
bution case, the values of time and frequency dis-
placement are small, converging to zero. Thus,
the reassignment along only one direction, time or
frequency, can produce good results. Because of the
implementation simplicity, according to (8), we will
use time reassignment only

RSM(t, )

=j SM,, Wt )t — t(t', ")) dt’, (11)
where t,(t', ') is given by (7), (8).

Note that the S-method does not require either
the signal oversampling with factor of two or the
analytic signal calculation for the real-valued sig-
nals. These are sources of additional computational
savings with respect to the common approach of
the reassigned smoothed Wigner distribution,
where the Wigner distribution is calculated and
then smoothed, before the reassignment method is
applied.

4. Examples

Example 1. Signal of the form

x(t) = x1(2) + x,(1),

with

x4(0) = ei8omt efj9n((t+1_75)377.75z>’
-3<r< -4,

x,(t) = o i8m’ +jsim + e—8(t—2.5)le—j8mz+j109m’
0<t<3,

is considered. The sampling interval is T = o5. The
spectrograms of this signal, calculated using a wide
(N =192) and a narrow (N = 32) Hanning win-
dow, are shown in Fig. 1(a,b). The S-method with
L =2, based on the STFT with a wide window
N =192, is shown in Fig. 1(c). It is close to the sum
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Fig. 1. Time-frequency representation of a multicomponent signal: (a) spectrogram with a wide lag-window, (b) spectrogram with
a narrow lag-window, (c) S-method based on the STFT with a wide lag-window, (d) reassigned spectrogram form (a), (e) reassigned

spectrogram form (b), reassigned S-method.

of the Wigner distributions of each signal compon-
ent individually. In the numerical realizations of the
reassignment-based methods a threshold should be
assumed [1]. All distribution values below the
threshold are then neglected in the reassignment
calculations. The threshold is here assumed at 5%
of the corresponding distribution maximal value.
The reassigned version of spectrogram with wide
window cannot produce complete concentration
along the instantaneous frequency Fig. 1(d). The
reassigned spectrogram with narrow window does
not separate close signals component Fig. 1(e). The
reassigned S-method produces almost complete
concentration along the instantaneous frequency
Fig. 1(f). The S-method with a time reassignment
only, produces very similar results as the S-method
with reassignment in both directions (Fig. 2). The
last representation is obtained in a numerically
very efficient way.

Example 2. An interesting application of time-fre-
quency distributions is in parametric identification

®
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Fig. 2. Time-frequency representation of a multicomponent sig-
nal based on the time direction reassigned S-method.

of signals corrupted with a noise [2]. For this
purpose it is very important that a time-frequency
distribution highly concentrates signals’ energy
along the instantaneous frequency. Reassignment
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Fig. 3. The ratio of distribution concentration along the instan-
taneous frequencies and distribution concentration outside
these regions for different distributions, as a function of o,/4.
Reassigned forms are denoted by RTF.

distributions perfectly localized the chirps. So con-
sider a sum of two linear frequency modulated
signals

x(t) _ ej16n12+j24rrt + ej16m2q'24m

corrupted with the white Gaussian noise of vari-
ance o7. The spectrogram (L = 0), the S-method
with L =1, 2, 3, 4, and their corresponding reas-
signed forms (RTF) are considered. The ratio of the
energy along the instantaneous frequencies and the
energy outside these regions is defined as

jj(t,w)eRTF(t, (D) dtdw

B =101 )
o8 f.oner TF(t, ) dedw

Region R corresponds to the instantaneous fre-
quency lines of the signal components. This ratio
for different distributions (different L), as a function
of ¢,/4, is shown in Fig. 3. The nonreassigned
distributions are denoted by TF. For example, for
0,/A =1 the reassigned S-method for L = 4 gives
B for 6.5 dB greater than in the reassigned spectro-
gram (L = 0) and nonreassigned S-method cases.
For frequency window P(0) wider than the auto-
terms, the S-method cannot produce further
auto-terms concentration improvement while

it can comprise noise that degrades considered
ratio [13].

5. Conclusion

The reassigned form of the S-method is pro-
posed. It is qualitatively and computationally very
efficient. A simplified form, based on the reassign-
ment along time axis only, is presented. The
method efficiency is illustrated on examples.

Acknowledgements

The work of LJ. Stankovic is supported by the
Alexander von Humboldt foundation.

References

[1] F. Auger, P. Flandrin, Improving the readability of time-
frequency and time-scale representations by reassignment
method, IEEE Trans. Signal Process. 43 (May 1995)
1068-1089.

[2] S. Barbarossa, O. Lemoine, Analysis of nonlinear FM
signals by pattern recognition of their time-frequency rep-
resentation, IEEE Signal Process. Lett. 3 (4) (1996)
112-115.

[3] B. Boashash, B. Ristic, Polynomial time-frequency distri-
butions and time-varying higher order spectra: Applica-
tions to the analysis of multicomponent FM signals and to
the treatment of multiplicative noise, Signal Processing
67 (1) (May 1998) 1-23.

[4] E. Chassande-Mottin, I. Daubechies, F. Auger, P. Flan-
drin, Differential reassignment, IEEE Signal Process. Lett.
4 (10) (October 1997) 293-294.

[5] L. Cohen, Time-Frequency Analysis, Prentice-Hall, En-
glewood Cliffs, NJ, 1995.

[6] B. Friedlander, L.L. Scharf, On the structure of time—fre-
quency spectrum estimators, IEEE Trans. Signal Process.,
preprint.

[71 P. Goncalves, R.G. Baraniuk, Pseudo affine Wigner distri-
butions: Definition and kernel formulation, IEEE Trans.
Signal Process. 46 (6) (June 1998) 1505-1517.

[8] F. Hlawatsch, G.F. Boudreaux-Bartels, Linear and quad-
ratic time-frequency signal representation, IEEE Signal
Process. Mag. (April 1992) 21-67.

[9] K.Kodera, C. De Villedary, R. Gendrin, A new method for
the numerical analysis of nonstationary signals, Phys.
Earth. Plan. Int. 12 (1976) 142-150.

[10] A. Papoulis, Signal Analysis, McGrawHill, New York,
1977.



120 L. Djurovi¢, LJ. Stankovi¢ | Signal Processing 77 (1999) 115-120

[11] C. Richard, R. Lengell¢, Joint recursive implementation of
time-frequency representations and their modified version
by the reassignment method, Signal Processing 60 (2)
(1997) 163-179.

[12] LIJ. Stankovi¢, A method for time-frequency signal analy-
sis, IEEE Trans. Signal Process. 42 (1) (January 1994)
225-229.

[13] LIJ. Stankovi¢, V. Ivanovi¢, Z. Petrovic, Unified approach
to the noise analysis in the spectrogram and Wigner distri-
bution, Ann. des Telecom. 51 (11-12) (November/Decem-
ber 1996) 585-594.

[14] S. Stankovic, LJ. Stankovic, An architecture for the realiz-
ation of a system for time-frequency signal analysis, IEEE
Trans. Circuits Systems 11 44 (7) (July 1997) 600-604.



