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An Analysis of Wigner Higher Order
Spectra of Multicomponent Signals

LJubisa Stankovié

Abstract— The analysis of multicomponent
signal representation by the Wigner higher or-
der spectra is done. It is shown that the cross-
terms can be removed only for an odd or-
der, having equal number of conjugated and
nonconjugated terms in the local multidimen-
sional moment function. A method for higher
order time-multifrequency analysis that elim-
inates cross-terms is proposed. This method
turns out to be a dual definition of the L-
Wigner distribution. The theory is illustrated
by the numerical example.

I. INTRODUCTION

Higher order spectral analysis has been in-
tensively studied during last few years. Its ap-
plications are in many fields: radars, sonars,
biomedicine, plasma physics, seismic data
processing, image reconstruction, time-delay
estimation, adaptive filtering...Higher order
statistics, known as cumulants, and its Fourier
transforms (FT) known as higher order spec-
tra (polyspectra) are often considered, but we
refer here only to the review paper, [1] and
the references therein. Recently, higher or-
der time-varying spectra have been defined
and analyzed, [2]. The basic representation
in time-varying higher order spectral analy-
sis is the Wigner higher order spectra, like
the Wigner distribution in the case of time-
frequency analysis. The definition of Wigner
higher order spectra of order k of a complex
deterministic signal z(¢) is given, [2], by:
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where Ry is the local k-dimensional moment
function, used in [2] as:

k
Ry(T1, 72,0 i) = x*(t—a)Hx(t—a—i—Ti)
i=1

(2)
with an arbitrary time delay a.

One of the substantial properties of a time-
frequency distribution is that its mean fre-
quency over the multifrequency space, defined
as:
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is equal to the scaled value of instantaneous
frequency of signal z(t) = R(t)exp(jp(t)), i.e
E{wm} = CoI(t), form =1,2,..k, [2],[7]. As-
suming, as in [2], that « is a linear function of
Ti Q= Zle a;Ti, it may be shown that the
previous condition is satisfied for:

It means that the local moment function Ry
has to be centered at the time instant ¢:
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The Wigner higher order spectra in terms
of the Fourier transform X (w) of a signal x(¢),
may be easily derived from (1),( for the details
of derivation see [2]):

Wk(t,wl,wg, ...,wk) =
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In the sections that follow we will analyze
the auto-terms and cross-terms presence and
locations in the Wigner higher order spectra
(the case k = 1, i.e. the Wigner distribution,
is analyzed in [4],[8],[9]). On the basis of this
analysis, a method for cross-terms removal (or
reduction) will be presented.

II. AUTO-TERMS AND
CROSS-TERMS IN THE WIGNER
HIGHER ORDER SPECTRA

A. Multicomponent Long Duration Signals

Consider a multicomponet signal x(t) of the
form:

M .
= Ru(t)e/*m® (5)
m=1

where the instantaneous frequencies ¢, (t)
and amplitudes R,,(t) are such that:

1) The Fourier transform of R,,(t) is band-
limited FT{R,,(t)} = Ry,(w) = 0 for |w| >
Wrg, with a small Wg comparing to the consid-
ered frequency interval in the time-frequency
domain;

2) FT{R,,(t)e*"} R (w — ¢7,(1)),
meaning that the instantaneous frequency may
be treated as a constant inside the considered
time interval (or inside the window) in the
time-frequency domain.

Here, we show that the cross-terms in the
Wigner higher order spectra, defined by (1)
and (2), can not be removed. However, the
cross-terms removal is possible if we follow the
idea of equal number of conjugate and noncon-
jugate terms in (2). That option was preferred
in [1] in the cumulant analysis. This idea may
be exploited only if the order & is an odd one,
ie. k=2r—1

In order to prove the above statement con-
sider a general form of the Wigner higher or-
der spectra defined as a k-dimensional Fourier
transform of the local moment function:

Rup(T1, 72, 0 Th) =
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Wi (t, wy,wa, ... wp) = FT-,—{Rtk(Tl,TQ, ...,Tk)}

(6)
where [ is an integer, 0 < [ < k. Note that, for
I =1, relation (6) reduces to eqn.(2).

Again, the mean conditional frequency is at
the equal distance from the origin, along the
frequency axes wy,ws, ..., wy, if ais the same as
in (2), i.e. if we preserve the property that Ry
is centered at the time instant ¢.

Substituting the signal x(t) in terms of its
Fourier transform:

1 [ ;
x(t) = %/ X (jw)ed“ dw

in (6) with « defined by (3), we get, after some
straightforward transformations, that the fre-
quency domain definition of the Wigner higher
order spectra defined by (6), is:

Wk(t,(.dl,(dz, ...,Wk) =
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Let us consider the location of auto-terms in
(7). Obviously, taking M = 1, the cross-terms
do not exist. The integrand in (7) is differ-
ent from zero only if the following inequalities
hold:
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with ¢'(t) = pj(t), e =k/(k+1) (8)
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The location of auto-term along 6 axis de-
pends on the signal’s instantaneous frequency
for any [, except for the case | =r = (k+1)/2,
when the values of integrand are concentrated
around the #-axis origin. In that case the auto-
terms are centered along the line s in the k-
dimensional w space, defined by:

S W= —W,We = —W, e, W] = —W
Wr = WWrt] =W, ..., W = W
at the point w = ¢/'(t).

This line is a symmetral of the k-
dimensional quadrant in which the negative
values of wi,ws, ...,w,_1, and the positive val-
ues of Wy, Wrt1, ..., wy, lie.

The illustration of Wigner bispectrum
(eqns. (1) and (2) with k& = 2)! which does
not satisfy the condition for cross-terms re-
moval, as well as the illustration of Wigner
trispectrum (eqns. (1) and (6) with & = 3),
as the lowest one satisfying the previous con-
ditions (excluding the well-known Wigner dis-
tribution), are given in Figs.1. and 2. respec-
tively.

If we take M > 1, then the integrand in (7)
is different from zero, along the line s, for:
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From (8) and (9) we can draw two essential
conclusions for the derivation of a method for

IThe definition of the Wigner bispectrum is:
Wa(t,wi,w2) =

/ / 2 (t—71/3 — 73/3)a(t + 271 /3 — 72/3)

T1 T2

Xa(t — T1/3 + 272/3)e IU1TI=IV2T2 4 dry

cross-terms removal: i) If k = 2] — 1, the val-
ues of integrand, corresponding to the auto-
terms (i = j), are different from zero only
around the origin (f = 0), for any instanta-
neous frequency; ii) The cross-terms are dislo-
cated from the origin of § axis.

Introducing the frequency domain window
P(0) of the width 2W,,i.e. P(f) = 0 for 6>
W, the Wigner higher order spectra (given
by (7)) along the defined line s become:

1 )T 9
Wiltw) = 5= [ X7+ 3)

(10)

The distribution defined by (10) may be eas-
ily directly implemented in the frequency do-
main using the Fourier transform X (w) of the
signal z(t) and the frequency domain window
P(6). An alternative and very efficient ap-
proach to the calculation of the distributions
of form (10) is described in [4].

From (9) one may conclude that the integra-
tion over auto-terms is completely performed
and, at the same time, the cross-terms are re-
moved if the width 2W,,, of P(0) satisfies:

(k? + 1)WR < Wm <

< mingj|i(t) — (0] — (k+1)Wr  (11)
The relation (11) tells that the width of win-
dow P(#) must be wider than the maximum
bandwidth of the signal component ampli-
tudes R,,(t),m = 1,2,..,k, multiplied by
(k + 1) and, at the same time, narrower
than the minimal distance between the instan-
taneous frequencies of any two components
Ri(t)exp(jp;(t)) and R;(t)exp(jp,(t)) of the
signal z(t) decreased for (k 4+ 1)Wg. If the
first condition is not satisfied the distortion of
original Wigner higher order spectra will ap-
pear and if the second condition is not satisfied
the cross-terms will appear.

This way, the distribution described by (10)
may preserve all appealing properties of the
Wigner higher order spectra (described in [2]),
while, at the same time, avoiding the presence

of cross-terms?.

0 .
r T\ ,—g0t
XX (w = o )e I P(0)dd

2Note thet the Wigner distribution is a special case
with | = k = 1. An analysis of cross terms in the
Wigner distribution is done in [4].
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Fig. 1. Tllustration of Wigner bispectrum (1) : wi4w2+6/3 = @/(t); (2) : w1 —0/3 = @/(t); (3) : w2 —0/3 = @I(2).
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Fig. 2. Illustration of Wigner trispectrum

Note that the definition (10) represents just
a dual definition of the L-Wigner distribution
in time domain:

LWD(t,w) :/x*L(t—%)

L L —JjwT
xaz (t + 2L)e w(T)dr

(12)
We proposed the L-Wigner distribution,
[5],[6],[10], in order to linearize the instanta-
neous frequency when it is not a linear func-
tion of time. The properties of the L-Wigner
distribution have been examined in details in
the above references. The same computational
techniques and other results may be applied to
the Wigner higher order spectra.

B. Multicomponent Short Duration Signals

Consider a multicomponet signal formed as
a sum of signals:

M
2(t) =Y wm(t = tm) (13)

where x,,(t) are such that z,,(t) = 0 for |¢| >
T,, with T}, small comparing to the considered
time interval in the time-frequency domain.
From (1) and (6) it is easy to see that
all auto-terms are located around the origin
of 7 coordinate system, i.e. around 7; = 0
(i =1,2,...k). The cross-terms are dislocated
from the origin. They lie around 7; = t,,, — t,,
so they may be eliminated using a window
w(T1,T2..., k) = 0 for |7;] > T, where:

T, <T < ming mltn —tm| —Tp =T (14)
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Fig. 3.

Time-frequency representation of a multicomponent signal plus noise. a) Spectrogram; b) Wigner

distribution; ¢) Wigner distribution without cross-terms (SM); d) Wigner trispectrum along line s with-
out cross-terms; with: the rectangular window w(71,72,73) and the Hanning window P(#); SNR=15 dB;

considered intervals —10 < t < 10; —10 < w < 10.

When we deal with a sum of two multicom-
ponent signals, one of form (5) and the other
of form (13), we may use both windows P(6)
and w(71,7a...,7k). In that case the Wigner
higher order spectra, along the line s, are:

Wi (t,w) = p(t)@1

/// W(T1,T2, ooy Tk) Rt (T1, T2, ooy Tk
T1 T2 Tk

xe IW(=TI= T =Tt Tt TR G o dTy

Rpe(T1, T2, 0y Th) =

r—1 k
' (t — ) Hx*(t— oz—i—Tz-)Hx(t— a+T1;)
i=1 i=r

with ®; formally denoting convolution in time
domain, but basically the product in fre-
quency domain as it is applied in this method,
eqn.(10).

The presence of cross-terms is dependent
on the shape of windows w(ry, T2, ...,7x) and
p(t). The window p(t) (i.e. its frequency do-
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main versionP (), eqns.(10), (11)) controls the
cross-terms along the frequency axis and the
window w(71, T2, ..., Tk), eqn.(14), controls the
cross-terms along the time-axis in the time-
frequency domain.

III. NUMERICAL EXAMPLE

In the numerical example we consider the
multicomponent signal:

x(t) = x1(t) + x2(t) + n(t),
1.5

V2r

xo(t) = FT~ {cos[2 cos((w + 10)/3)

x1(t) = e 5 cos(4.5t)

2
—2.27tw]e” 3207 }

The components of z;(t) are of form (5) and
the components of x5(t) are of form (13).
The last component, n(t), is a Gaussian white
noise. The spectrogram of z(t) is given in
Fig.3a. The Wigner distribution of x(¢), with
and without cross-terms, is shown in Figs.3b.
and 3c, respectively. The Wigner trispec-
trum without cross-terms (SM), calculated us-
ing (10), is given in Fig.3d. Considered fre-
quency interval is —10 < w < 10. The ener-
gies of signals z1(t) and x5(t) and noise n(t)
are: F; = 0.635, E, = 1.5 and N = 0.07,
respectively in the considered frequency inter-
val. The total SNR is 15dB. The advantages
of trispectrum, as well as the efficiency of the
proposed method (described by (10)) in cross-
terms removal, are apparent from Fig.3.

Even the lowest of Wigner higher order spec-
tra, the Wigner distribution, is almost use-
less without windowing because of very ex-
hibited cross-terms, Fig. 3b. That effect is
even more emphasized as the order k raises.
But, using the proposed windows, P(6) or/and
w(T1,T2,...,Tk), whose characteristics are de-
scribed, the cross-terms are removed keeping
the appealing properties, [2], of Wigner higher
order spectra. That may be observed in Figs.
3c,3d.

Besides, using the definition proposed in this
paper (eqn.(10)) all those properties may be
exploited from the Wigner higher order spec-
tra on the single line s. That reduces the ori-
gially k£ + 1 dimensional Wigner higher order
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spectra to the two-dimensional one and makes
its application easier.

IV. CONCLUSION

Wigner higher order spectra of multicom-
ponent signals are analyzed. It is shown that
the cross-terms may be removed only when the
Wigner spectrum is of an odd order. A method
for cross-terms removal is presented. The the-
ory is illustrated on the numerical example.
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