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Abstract — Due to its ability to provide good
concentration in the time-frequency plane, the
fourth  order complex-lag time-frequency
distribution has been used for the analysis of
signals with highly non-stationary instantaneous
frequency. In order to make it available for
practical applications, an architecture for
realization of this distribution is proposed. The
FPGA implementation is provided as well. Apart
from the real-time processing, the proposed
hardware realization is used to solve the problem
of calculation errors that may appear due to the
limited software precision.
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1. INTRODUCTION

Time-frequency distributions have been used in
different signal processing applications that deal with
nonstationary signals. In order to provide good
concentration along the instantaneous frequency
various time-frequency distributions have been
proposed [1]-[3]. An ideal concentration for linear
frequency modulated signals could be achieved by
using quadratic time-frequency distributions [4]-[6].
In the case of signals with highly non-stationary
phase function, the quadratic distributions cannot
provide satisfactory concentration. For this purpose,
higher order time-frequency distributions should be
used. In order to provide good concentration for
signals with significant phase variations within a few
samples, the complex-lag time-frequency
distributions have been introduced [7]-[9]. However,
the complex-lag distributions are computationally
very complex and it would be difficult to provide a
software realization with real-time processing. Also,
limited software precision may cause errors during
the calculation of signal with complex-lag argument.

In this paper we propose an efficient hardware
implementation of the fourth order complex-lag time-
frequency distribution. The proposed realization
provides real-time processing and it is suitable for

VLSI implementation. In order to provide high
processing speed, the fixed-point and the floating-
point arithmetic are combined. Additionally, the
proposed system is designed to solve the problem of
calculation errors that may appear in the software
realization.

The proposed system consists of the circuits that are
used for the calculation of: 1) complex-lag function
that is used within the complex-lag distribution, 2)
the product of real-lag signal terms and complex-lag
function, and 3) the Fourier transform of this product.
Due to its complexity, the main efforts are made to
provide hardware realization of signal terms with
complex-lag argument within the first step. In order
to verify the results, the proposed system is
implemented on the FPGAs chip.

2. THEORETICAL BACKGROUND

The fourth order complex-lag time-frequency
distributions (CTD) has been defined as [7]:
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The spreading factor O(¢,7) for CTD(t,0) is [7]:
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The ideal concentration would be achieved for
O(t,7) = 0. Note that, the dominant term in the spread

factor is of the fifth order, which provides significant
improvement compared to the Wigner distribution
and L-Wigner distribution (Table I) [7]. Thus, for
example, the CTD provides an ideal concentration
along the IF for polynomial signals whose phase is up
to fourth order. Additionally, for signals with higher
order phase function, the fifth phase derivative in the
case of the CTD is significantly reduced compared to
the fourth order polynomial Wigner-Ville distribution
(PWVD) (Table 1). Also, the next term in the spread
factor for the CTD is of ninth order, while for PWVD
this term is of seventh order (Table 1).



Table 1. Spread factor Q(t,t) in some time-frequency

distributions
Distribution Spread factor
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In the discrete form CTD could be written as [7]:
N/2-1
CTD(n,k)= z w(m)x(n+m)x" (n—m)x
m=—N/2 (2)
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where w(m) is a lag window of length N . In practical
realization, the values of signal with complex-lag
argument: x(ntjm) and x(n-jm), are not available.
These wvalues could be obtained by using the
analytical extension of the signal with real valued
argument. The analytical extension of signal x(n)
could be obtained as [7]:
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where the region of convergence is |n+ jm|<o for a

finite N. In practical realization, one should carefully

set up the necessary precision, since the term
2z

¢ " could obtain large values that are out of
precision range [8].

The  calculation of complex-lag  function
c(n,m)=x"'(n+ jm)x’(n— jm) within the CTD can be
done according to [8]:
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where the constant amplitude of x(n) is assumed.
Thus, (2) can be written in the form:

c(n,m)=e

CTD(n,k)=FT, {w(m)x(n+m)x"'(n—-m)c(n,m)}. (5)

which will be used in the proposed hardware
realization.

3. ARCHITECTURE AND FPGA
REALIZATION

An architecture and FPGA realization of the CTD are
proposed in this Section. The realization of the
distribution is done according to (5), while its block
scheme is shown in Fig 1. The samples of signal with
real argument (x(n+m) and x(n-m)) are fed to the
input of the system. These samples are used to

calculate the values of signal with complex-lag
argument within the BLOCK 1. The BLOCK 2 is
used to calculate the complex-lag function c(n,m): it
performs the calculation of the j-th power (;=y=1) of
complex-lag signal terms. In parallel, the real-lag
signal terms  x(n+m)and x"(n—m) are multiplied
within the MULT circuit and then multiplied by the
outputs of BLOCK 2. The outputs are fed to the input
of FFT circuit and the complex-lag time-frequency
distribution is obtained.

_BLOCK 1
x(n-m) ) BLOCK 2
x(n-jm) 7L ,,,,,,,,,,,,,,,,,,,,
c(n,m) *—L
X(n+m) X(n+jm) 7‘|—§: ,,,,,,,,,,,,,,,,,, n MULT —| FFT 7CTD(n,k)

Fig. 1 — Block scheme for realization of CTD(n,k)

The implementation of the proposed architecture can
be done on various hardware devices, such as digital
signal processor, ASIC and FPGA chips. The FPGA
implementation provide high speed processing,
reconfigurability, low producing time and costs
requirements, inbuilt special hardware such as RAM,
etc. Thus, for implementation of the proposed system
we have considered the FPGA chips. Particularly, we
use the Quartus II v8.1 software and the
EP2S15F484C3 chip (Stratix II family) from Altera
[12].

3.1. Realization of BLOCK 1 (calculation of signal
with complex-lag argument)

An architecture and the corresponding FPGA
realization that are used to calculate the signal with
complex-lag argument are presented in this
subsection. The realization is done throughout three
steps, as it is shown in Fig. 2. The first step is used to
calculate the Fourier transform of signal with real
argument s(n£m). The product of Fourier transform

2
samples X(k) and e ¥ coefficients is calculated
within the STEP 2, while the STEP 3 represents the
calculation of the inverse Fourier transform.

STEP I: The signal samples are fed to the input of the
FFT circuit. These samples are represented in the
fixed-point format by using 16 bits, since it is
common case in practical applications. At the output
of FFT circuit, we obtain the Fourier transform (X(k))
of signal that is represented in the fixed-point format,
as well.

The FFT circuit is realized by using the FFT
MegaCore function that has been proposed by Altera
[13]. For device EP2S15F484C3 (Stratix II family)
and the 16-bit fixed point format, the FFT chip
requires: 3467 ALUTs, 2534 memory bits, 24 DSP
block 9-bit elements, and transform time 20#ns. The
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Fig. 2 — Architecture for calculation of signal with complex-lag argument
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Fig. 3 — (a) FFT circuit and its control logic, (b) Simulation results for the FFT circuit
block symbol of the FFT circuit and its STEP 2: This step performs the multiplication of X(k)

synchronization signals are shown in Fig. 3.a.
Simulation results, including control signals are given
in Fig. 3.b. The input signal is represented in fixed-
point format with 16-bits, while the transform length
is 64.

2z
. . ——mk
and the corresponding coefficients e ¥ . However,

2z
the coefficients ¢ *" are represented in floating-
point format, since they could obtain large values.
Thus, X(k) should be firstly converted to floating-



point format. In order to avoid miscalculation errors,
the floating-point format is chosen to provide a
satisfying precision even for large values of real

2

exponential term e " ie. for large m and k.
Namely, the required precision depends on the
number of input samples N, since -~N/2<m<N/2-1 and
—N/2<k<N/2 holds. For example, if N=64 the
extended single precision IEEE-754 format should be
used, while for N=128, the extended double precision
IEEE-754 format is required.

In order to adjust the format of X(k) samples and
2z
¢ ¥ coefficients, it is necessary to perform
conversion of X(k) samples from fixed-point to the
floating-point format. The FP_converter circuit from
Fig. 2, is used for that purpose. It is realized by using
ALTFP CONVERT circuit. The enable signal for
this circuit is source valid signal that is generated at
the output of FFT circuit. For conversion from 16-bit
fixed-point format to double floating-point format
this circuit requires 37 ALUTs and 223 memory bits

with the latency of six clock cycles.

After conversion X(k) samples are stored on chip
RAM memory (read access memory). Namely, the
same X(k) samples are used to calculate analytical
extension for various values of parameter m. Thus, it
is more appropriate to store X(k) samples in memory
than to calculate FFT for each m. The RAM memory
is realized by using LMP_RAM circuit that requires

write_enable signal are controlled by the signals from
FP_convereter circuit, while read address and
read enable signals are the same as for ROM
memory.

72—ﬁmk
The coefficients e ~  are stored in the on chip
read only memory (ROM). It is designed by using
LMP_ROM device that requires 262144 memory bits

for N=64.

2z

The values X(k) and e v , obtained from RAM and
ROM memories, respectively, are multiplied by using
ALTFP_MULT circuit (floating point multiplier
fpMULT in Fig. 2.). This circuit has the latency of
five clock cycles, and it requires 235 ALUTs, 342
registers. The block symbols and time-line of control
signals for FP_convert circuit, RAM and ROM
memories, and floating-point multiplier are shown in
Fig 4.

STEP 3: In order to obtain complex-lag signal, the
inverse Fourier transform is calculated for the outputs
of fpMULT circuits from the previous step. The IFFT
circuit is obtained by using the FFT MegaCore
function, similarly as the FFT circuit. The only
difference is that IFFT circuit should operate with
floating-point  number  format. For  device
EP2S15F484C3 (Stratix II family) it requires 13760
ALUTS, 4786 memory bits and 64 DSP block 9-bit
elements.

4096 memory bits.. The write address and
altfp_convert0
databb(15..0 fpreal[63.0 fpm.ram.de0 fp_real[63..0 altfp_multo I[63..0
o databb[15..0] | gataa[15..0] result[63..0] preal[63..0] data[63.0] ] ram_fp_real[63..0] Sataal3.0] pTTEN] rez_real[63..0]
- clock Wadr[5..0] | wraddress5..0] - databl63..0 : M
clk_en ram_enableT: yren =t 64 ¥VA0 d(s) atablf 1
convert_e inst3 nToFA 3 radr(5..0] | rdaddress]5..0] 1 q[63..0] >—— clk_en
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ram_enable | i L U i L i i L U i
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result_valid | Ll L L Ll L L Ll L L |T

(b)

Fig. 4 — a) Block symbols for circuits used in STEP 2, b) corresponding control signals



3.2. Realization of BLOCK 2 (calculation of the
complex-lag function)

The realization of the complex-lag function is done
according to (4). The corresponding block scheme is
given in Fig 5.

x(n-jm)|
3 (rrt o)

x(n—jm)

X(n+jm

Refe(n, m)}

In|2C=m) Cosine

(- jm) LUT
Sine

LUT

x(n—jm)

Dividle ——— ABS [—— LN

x(n+ jm)

Im{c(n,m)}

Fig. 5 Block scheme for realization of BLOCK 2

The term x(n-jm)/x(nt+jm) is obtained by using
ALTFP DIV circuit, that requires 124 ALUTs, 4608
memory bits, and has the latency of six clock cycles.
The enable signal for this circuit is source valid
signal that is generated at the output of IFFT circuit.
Further, the ALTFP_ABS circuit (with the latency of
1 clock cycles) is used to calculate the absolute value
of x(n-jm)/x(n+jm), and the output is fed to the input
of LN circuit to calculate the natural logarithm. The
ALTFP_LOG circuit has been recently proposed by
Altera, and it is included in the Quartus v8.1. The
latency of this circuit is 21 clock cycles and it
requires 2132 ALUTs, 16 DSP blocks and 1948
registers. The exponential function is calculated bz

using sine and cosine function as follows:
™ —cos(LN)+ jsin(LN) , where LN = In|*U"=/™)|
x(n+ jm)

The values of cosine and sine functions are obtained
by using look up table (LUT). In order to provide
satisfying precision, the LUTs contain 512 values
represented with 16 bits. Thus, at the output of
BLOCK 2, we obtain the complex-lag function
c(n,m) represented by 16 bits in fixed-point format.

Finally, c(n,m) is multiplied by x(n+m)x(n-m) within
the standard LMP_MULT circuit and fed to the input
of the FFT circuit. The time-frequency distribution
with complex-lag argument is obtained at the output
of FFT circuit.

The available characteristic of EP2S15F484C3 chip
and the resources utilized for implementation of the
proposed system, are given in Table 2.

Table 2. Chip characteristics for the proposed system

EP2S15F484C3 Nq. of | Logic clk: | Power
pins | elements | f . cons.
Available 343 12480 500 MHz 12V

- 194 9856
Utilized (57%) | (79%) 249 MHz 12V

4. CONCLUSION

The FPGA realization of the fourth order complex-
lag time-frequency distribution is proposed. It enables
a real-time processing, and consequently, provides an
opportunity to use good properties of this distribution

in various applications. The fixed-point and floating-
point formats are combined in order to provide a
solution for high speed processing with satisfying
precision. The chip parameters and simulation results
are presented as well. The proposed realization can be
further extended and wused as a base for
implementation of the complex-lag time-frequency
distribution of an arbitrary order.
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