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The culmination of more than twenty years of research, this authoritative resource provides a practical understanding of

time-frequency signal analysis. The book offers in-depth coverage of critical concepts and principles, along with discussions on

key applications that are of great interest to engineers and researchers involved in a wide range of signal processing work, from

communications and optics...to radar and biomedicine. Supported with over 140 illustrations and more than 1,700 equations, this

detailed reference explores the topics professionals need to understand, such as Fourier analysis, linear time frequency represen-

tations, quadratic time-frequency distributions, higher order time-frequency representations, and analysis of non-stationary noisy

signals. This unique book also serves as an excellent text for courses in this area, featuring numerous examples and problems at

the end of each chapter. It is suitable for electrical engineers and researchers whose work involves signal processing and radar

signal processing, as well as graduate students in related courses.

Kindle edition, Amazon 2014



Contents

Preface xi

Chapter 1 Introduction to Fourier Analysis 1

1.1 Continuous-Time Signals 2

1.1.1 Periodic Signals and Fourier Series 5

1.1.2 Linear Systems 8

1.1.3 Fourier Transform 11

1.1.4 Relationship Between the Fourier Series and the

Fourier Transform 21

1.2 Discrete-Time Signals and Systems 22

1.2.1 Fourier Transform of Discrete-Time Signals 26

1.2.2 Sampling Theorem in the Time Domain 29

1.2.3 Discrete Fourier Transform 33

1.2.4 Analysis of a Sinusoid by Using the DFT 39

1.2.5 Laplace and z-Transform 46

1.3 Discrete-Time Random Signals 49

1.3.1 First-Order Statistics 49

1.3.2 Second-Order Statistics 51

1.3.3 Noise 53

1.3.4 Linear Systems and Random Signals 56

1.3.5 Discrete Fourier Transform of Noisy Signals 57

1.4 Two-Dimensional Signals 60

1.5 Problems 63

1.6 Solutions 68

v



vi Contents

Chapter 2 Linear Time-Frequency Representations 81

2.1 Short-Time Fourier Transform 82

2.1.1 Windows 85

2.1.2 Continuous STFT Inversion 91

2.1.3 Spectrogram 94

2.1.4 STFT of Multicomponent Signals 95

2.2 Duration Measures and Uncertainty Principle 96

2.3 Discrete Form and Realizations of the STFT 99

2.3.1 Recursive STFT Implementation 100

2.3.2 Filter Bank STFT Implementation 102

2.3.3 Time-Frequency Plane Lattice 103

2.4 Gabor Transform 121

2.5 Stationary-Phase Method 123

2.6 Instantaneous Frequency 125

2.7 Local Polynomial Fourier Transform 130

2.8 Fractional Fourier Transform with Relation to the LPFT 135

2.9 Relation Between the STFT and the Continuous Wavelet

Transform 136

2.9.1 Constant Q-Factor Transform 139

2.9.2 Affine Transforms 139

2.9.3 Filter Bank Formulation 140

2.9.4 Generalized Time-Frequency Varying Lattice 142

2.9.5 S-Transform 143

2.10 Chirplet Transform 144

2.11 Generalization 146

2.12 Parameter Optimization 148

2.12.1 Adaptive Analysis 151

2.13 Problems 153

2.14 Solutions 158

Chapter 3 Quadratic Time-Frequency Distributions 177

3.1 Rihaczek Distribution 179

3.2 Wigner Distribution 181

3.2.1 Introducing the Wigner Distribution Based on the IF

Representation 185

3.2.2 Signal Reconstruction and Inversion 187

3.2.3 Properties of the Wigner Distribution 189

3.2.4 Linear Coordinate Transforms 194



Contents vii

3.3 Quantum Mechanics Wigner Distribution Review 201

3.3.1 Spreading Factor 204

3.3.2 Uncertainty Principle and the Wigner Distribution 204

3.3.3 Pseudo Quantum Signal Representation 206

3.3.4 Instantaneous Frequency, Bandwidth, and Moments 207

3.4 Implementation of the Wigner distribution 215

3.4.1 Pseudo Wigner Distribution 215

3.4.2 Smoothed Wigner Distribution 215

3.4.3 Discrete Pseudo Wigner Distribution 218

3.4.4 Wigner Distribution-Based Inversion and Synthesis 227

3.4.5 Auto-Terms and Cross-Terms 229

3.4.6 Inner Interferences in the Wigner Distribution 231

3.5 Ambiguity Function 232

3.6 Cohen Class of Distributions 238

3.6.1 Properties of the Cohen Class of Distributions 242

3.6.2 Reduced Interference Distributions 243

3.6.3 Optimal Kernel Design 247

3.6.4 Auto-Term Form in the Cohen Class of Distributions 251

3.7 Kernel Decomposition-Based Calculation 253

3.7.1 Spectrograms in the Cohen Class of Distributions 253

3.7.2 The Cohen Class of Distributions Decomposition 255

3.8 S-Method 256

3.8.1 Discrete Realization of the S-Method 260

3.8.2 Smoothed Spectrogram Versus S-Method

as a Principle of Composition 268

3.8.3 Decomposition of Multicomponent Signals 270

3.8.4 Empirical Mode Decomposition 274

3.9 Reassignment in Time-Frequency Analysis 277

3.10 Affine Class of Time-Frequency Representations 285

3.11 Problems 287

3.12 Solutions 292

Chapter 4 Higher-Order Time-Frequency Representations 317

4.1 Third-Order Time-Frequency Representations 318

4.1.1 Second-Order Moment and Spectrum 318

4.1.2 Third-Order Moment and Bispectrum 320

4.1.3 The Wigner Bispectrum 324

4.2 Wigner Higher-Order Spectra 328



viii Contents

4.2.1 Instantaneous Frequency in the Wigner Higher-Order

Spectra 329

4.2.2 Wigner Multitime Distribution 333

4.3 The L-Wigner Distribution 337

4.4 The Polynomial Wigner-Ville Distribution 341

4.5 Phase Derivative Estimation 342

4.5.1 Quadratic Distributions 343

4.5.2 Higher-Order Distributions 344

4.5.3 Real-Time Causal Distributions 347

4.5.4 Instantaneous Rate Estimation 348

4.6 Complex-Lag Distributions 348

4.7 S-Method-Based Realization 353

4.7.1 The L-Wigner Distribution Realization 354

4.7.2 Real-Time Causal Distribution Realization 356

4.7.3 Polynomial Wigner-Ville Distribution Realization 360

4.8 Local Polynomial Wigner Distribution 362

4.9 Higher-Order Ambiguity Functions 364

4.9.1 Monocomponent Polynomial Phase Signals 364

4.9.2 Multicomponent Polynomial Phase Signals 367

4.10 Problems 371

4.11 Solutions 375

Chapter 5 Analysis of Noisy Signals 391

5.1 Short-Time Fourier Transform of Noisy Signals 392

5.2 Wigner Distribution of Noisy Signals 394

5.2.1 Pseudo Wigner Distribution Bias 396

5.2.2 Pseudo Wigner Distribution Variance 397

5.2.3 On the Optimal Window Width 398

5.3 Wigner Distribution-Based Instantaneous Frequency

Estimation 399

5.3.1 Estimation Error 401

5.3.2 Instantaneous Frequency Estimation Bias 407

5.3.3 Instantaneous Frequency Estimation Variance 408

5.4 Adaptive Algorithm 410

5.4.1 Parameters in the Adaptive Algorithm 413

5.5 Influence of High Noise on the Instantaneous Frequency 422

5.5.1 Estimation Error 423

5.5.2 Mean Square Error 427



Contents ix

5.6 Noise in Quadratic Time-Frequency Distributions 429

5.6.1 Complex Stationary and Nonstationary White Noise 431

5.6.2 Colored Stationary Noise 431

5.6.3 Analytic Noise 433

5.6.4 Real-Valued Noise 433

5.6.5 Noisy Signals 434

5.7 Robust Time-Frequency Analysis 442

5.7.1 Robust Short-Time Fourier Transform 443

5.7.2 Robust Wigner Distribution 450

5.7.3 L-Estimation 451

5.7.4 Resulting Noise Distribution in the Local

Auto-Correlation Function 454

5.8 Sparse Signal Analysis in Time-Frequency 455

5.9 Compressive Sensing and Robust Time-Frequency Analysis 463

5.9.1 Compressive Sensing-Based Processing of the

L-Estimated Time-Frequency Representations 465

5.9.2 CS-Based Separation of Signals in Time-Frequency

Domain 469

5.9.3 Compressive Sensing and Signal Inversion in

Overlapping STFT 472

5.9.4 Compressive Sensing Formulation with

Frequency-Varying Windows (Wavelets) 477

5.10 Wigner Spectrum and Time-Varying Filtering 478

5.11 Problems 482

5.12 Solutions 487

Chapter 6 Applications of Time-Frequency Analysis 511

6.1 Radar Signal Processing 511

6.1.1 Analytic CW Radar Signal Model 512

6.1.2 Signal and Resolution in the Doppler Domain 517

6.1.3 Nonuniform Target Motion 518

6.1.4 ISAR Basic Definitions and Model 521

6.1.5 SAR Setup 529

6.1.6 Micro-Doppler Effects in ISAR/SAR Imaging 531

6.1.7 Micro-Doppler Description in SAR 535

6.1.8 Time-Frequency Analysis and L-Statistics 536

6.2 Interference Rejection in Spread Spectrum Communication

Systems 553



x Contents

6.2.1 Direct Sequence Spread Spectrum Model 554

6.2.2 Filtering and Reconstruction 555

6.3 Car Engine Signal Analysis 562

6.3.1 Car Engine Signal Models and Analysis 563

6.4 Estimation of Time-Varying Velocities in Video 572

6.5 Time-Frequency-Based Detection of Deterministic Signals 579

6.5.1 Signal Detection by Using the Fourier Transform 581

6.5.2 Parametric Extension of the Fourier Transform 583

6.5.3 Detection in the Time-Frequency Domain 585

6.5.4 Real Radar Data Analysis 591

6.6 Multidimensional Space-Spatial Frequency Analysis 594

6.6.1 Multidimensional Short-Time Fourier Transform 597

6.6.2 Multidimensional Wigner Distribution 598

6.6.3 Cohen Class of Distributions 598

6.6.4 Multicomponent n-Dimensional Signals 599

6.7 Array Processing Based on Time-Frequency Distributions 603

6.8 High-Resolution Time-Frequency Techniques 608

6.9 Watermarking in the Space/Spatial-Frequency Domain 614

6.10 Hardware Design for Time-Frequency Analysis 617

6.11 Seismic Signal Analysis 622

6.12 Biomedical Signal Analysis 623

6.13 Time-Frequency Analysis of Speech Signals 623

Bibliography 625

About the Authors 653

Index 655



Time-Frequency 
Signal Analysis 
with Applications

,JUBIÝA฀3TANKOVI|C฀s฀-ILOÝ฀$AKOVI|C
Thayananthan Thayaparan



Preface

This book is a result of more than twenty years of research and education in the area

of time-frequency signal analysis and signal theory, in general.

The book presents time-frequency analysis, which is of crucial interest to a

variety of researchers, students, and engineers dealing with any aspects of signal

processing in their work. It deals with the theory, concepts, and applications of time-

frequency analysis being at the core of some new technologies used in most fields of

engineering, science, and technology, like information technologies, radar and sonar

signal processing, biomedicine, multimedia, telecommunications, seismology, car

engine technology, and optics.

After publishing several research monographs the authors concluded that

there was a need for a textbook that could be used by students, researchers, and

engineers who want to apply time-frequency tools in their work. Time-frequency

analysis has been regarded as a part of advanced graduate courses on signal

processing.

This book begins with the basic concepts needed to understand time-frequency

techniques. An overview of Fourier analysis, presenting relations among the Fourier

transform, the Fourier transform of discrete-signals, the Fourier series, and the dis-

crete Fourier transform, is given. The sampling theorem is discussed as well. Next

the book focuses on advanced techniques and methods needed for the analysis and

processing of signals with time-varying spectral content. Chapter 2 deals with time

localization of the spectral content of signals. The short-time Fourier transform is

presented as the basic linear tool for the time-frequency analysis. Other linear signal

transformations used for localization of the signal content in the time-frequency

domain, including the local polynomial Fourier transform, the fractional Fourier

transform, and their generalizations are studied as well.

xi



xii Time-Frequency Signal Analysis with Applications

Quadratic time-frequency distributions is the topic of Chapter 3. The Wigner

distribution, as the basic quadratic distribution, is presented in detail. The gener-

alized form of quadratic distributions, known as the Cohen class of distributions,

is studied. This chapter concludes with a short overview of other approaches used

for signal localization, such as time-scale distributions, empirical mode decompo-

sition, and the reassignment method. Higher-order distributions are presented in

Chapter 4. Their properties are studied along with various methods for construction

and realization of highly concentrated distributions. Methods used for higher-order

non-stationary signal analysis, such as higher-order ambiguity function methods,

are also presented here. The noise analysis and instantaneous frequency estimation

are considered in Chapter 5. An efficient algorithm for the adaptive analysis of noisy

signals is presented. Robust forms of time-frequency representations are analyzed.

This chapter ends with a presentation of some methods in time-frequency analysis

of sparse signals.

The book concludes with numerous applications, including but not lim-

ited to radar signal processing, communications, movement analysis in video se-

quences, car engine data analysis, multidimensional signal analysis, watermarking

in the time-frequency domain, array signal processing, and high-resolution time-

frequency methods. Special attention has been paid to the radar signal analysis, due

to the authors’ intensive research work in this area during the last several years. The

presentation of material is supported by numerous examples in each chapter and

problems at the end. Problems sometimes cover several areas within one chapter.

MATLAB codes of the most important methods and examples are included as well.

The initial versions of all chapters in the book were written by Ljubiša Stanković.

We would like to thank to all collaborators who helped to make the presenta-

tion clearer, especially, we would like to thank colleagues who have worked on the

same topic for years: Professor Zdravko Uskoković, Professor Srdjan Stanković,

Professor Igor Djurović, Professor Veselin Ivanović, Dr. Vesna Popović, Dr. Slo-

bodan Djukanović, Dr. Ervin Sejdić, Dr. Irena Orović, Dr. Nikola Žarić, Predrag

Raković, and Marko Simeunović. We also thank to Professor Viktor Sučić and his

colleagues for their valuable comments on this text. We thank postgraduate students,

Miloš Brajović, Filip Radenović, and Stefan Vujović for their careful reading of the

draft of this book. We thank the reviewer of the book for a thorough reading of the

manuscript and numerous comments that helped us to improve the presentation.
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[107] M. Daković, T. Thayaparan, S. Djukanović, and LJ. Stanković, “Time-frequency-based non-

stationary interference suppression for noise radar systems,” IET Radar, Sonar & Navigation,

Vol. 2, No. 4, Aug. 2008, pp. 306-314.

[108] I. Daubechies, “Ten lecture on wavelets,” SIAM, Philadelphia, Pennsylvania, 1992.

[109] M. Davy, C. Doncarli, and G. F. Boudreaux-Bartels, “Improved optimization of time-frequency-

based signal classifiers,” IEEE Signal Processing Letters, Vol. 8, No. 2, Feb. 2001, pp. 52-57.

[110] M. Davy and A. Doucet, “Copulas: a new insight into positive time-frequency distributions,”

IEEE Signal Processing Letters, Vol. 10, No. 7, July 2003, pp. 215-218.

[111] A. DeBrunner, M. Ozaydin, and T. Przebinda, “Resolution in time-frequency,” IEEE Transactions

on Signal Processing, Vol. 47, No. 3, Mar. 1999, pp. 783-788.

[112] N. Delpart, et al., “Asymptotic wavelet and Gabor analysis: Extraction of instantaneous fre-

quency,” IEEE Transactions on Information Theory, Vol. 38, No. 2, Feb. /Mar. 1992, pp. 644-661.

[113] C. De Luigi and E. Moreau, “An iterative algorithm for estimation of linear frequency modulated

signal parameters,” IEEE Signal Processing Letters. , Vol. 9, No. 4, April 2002, pp. 127-129.

[114] E. J. Diethorn, “The generalized exponential time-frequency distribution,” IEEE Transactions on

Signal Processing, Vol. 42, No. 5, May 1994, pp. 1028-1037.
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[128] I. Djurović, et al., “An efficient joint estimation of wideband polynomial-phase signal parameters

and direction-of-arrival in sensor array,” EURASIP Journal on Advances in Signal Processing,

Vol. 2012, No. 1, Feb. 2012, pp. 43.
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[364] LJ. Stanković and S. Stanković, “On the Wigner distribution of the discrete-time noisy signals

with application to the study of quantization effects,” IEEE Transactions on Signal Processing,

Vol. 42, No. 7, July 1994, pp. 1863-1867.
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With Application to the Analysis of HF Radar Signals in Sea-Clutter,” IEEE Transactions on

Signal Processing, Vol. 54, No. 11, Nov. 2006, pp. 4332-4342



594 References
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[377] LJ. Stanković, S. Stanković, and I. Djurović, “Space/spatial-frequency analysis based filtering,”

IEEE Transactions on Signal Processing, Vol. 48, No. 8, Aug. 2000, pp. 2343-2352.
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with application to the analysis of HF radar signals in sea-clutter,” IEEE Transactions on Signal

Processing, Vol. 54, No. 11, Nov. 2006, pp. 4332- 4342.
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