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Abstract — The reconstruction of video with missing data
using a gradient-based compressive sensing algorithm is
presented in this paper. The video is assumed to have missing
data randomly spread over the frames. Also, it has been
assumed that the video frames are sparse in the DCT
domain. The value of the gradient is calculated in the sparsity
domain and then used to update the pixel values. The
efficiency of the video reconstruction using the gradient-
descent algorithm is analyzed in terms of the number of
available samples and sparsity level, showing better
reconstruction performance comparing to the greedy
algorithm. Also, it has been shown that the gradient-based
algorithm provides high quality reconstruction for real video
sequences.
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I. INTRODUCTION

N the last decade, the reconstruction of data with

missing samples is an attractive problem in the field of
signal processing. Compressive sensing (CS) is the area
dealing with such problems. Theory of missing data
reconstruction can be explained within the framework of
sparse signals. A sparse signal has a small number of non-
zero entries in a transformation domain. Knowing that a
signal is sparse, it can be uniquely reconstructed with
fewer samples than required by the Shannon-Nyquist
sampling theorem [1]-[7].

The application of CS algorithms is widely present in
the areas such as signal processing, biomedicine,
multimedia, telecommunications, etc. In recent literature,
major effects were made to adapt these algorithms within
the dynamic framework [6]-[9].

The CS algorithms can be divided into two large
groups: the first one is based on the analysis of the
transformation coefficients (greedy algorithms) and the
second is based on convex relaxation algorithms. The key
difference between the two groups of the techniques is the
way how the signal sparsity property and the
measurements are used. In this paper two reconstruction
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algorithms will be presented, an orthogonal matching
pursuit (OMP) algorithm from the first group and the
gradient-based algorithm, a common technique for signal
reconstruction from the second group of algorithms.

Application of the CS algorithms in image processing
was previously studied in literature [10],[11]. Image
processing with CS algorithms is still an attractive
research topic in the sense of improving the quality of the
images in poorer noisy conditions. Video processing using
the CS algorithms is a new developing field with the main
challenge being its complex time-varying structure.

The reconstruction of missing pixels randomly spread
over the whole frames will be considered in this paper. In
the reconstruction process, the information about the video
frames sparsity is important but not crucial for
reconstruction. The sparsity property of a frame is
implicitly assumed.

The paper is organized as follows. After the
introduction, the basic definitions of sparse and dynamic
signals are represented in Section 2. The reconstruction
algorithms are presented in Section 3. The comparison of
these algorithms and video reconstruction results are given
in Section 4 and the conclusions are in Section 5.

II. BASIC DEFINITIONS

In most cases, images are transformed and analyzed in
the DCT domain. Because of the energy compaction
property of an image, usually they have only few non-zero
coefficients in the DCT domain. If an image has many
small non-zero coefficients spread in the DCT domain,
these can be set to zero, as they do not contain significant
information about the image. Hence, we may assume that
an image x(n,m) is sparse in the DCT domain and that
there is a reduced set of available samples at the positions
(n,m)e {(n,,m,),(ny,m,)...,(n,,,m,,)} . The image with the
available samples (measurements) only that is used for
initial reconstruction, is defined by

y = (x(n,m), for (n,m)€ {(n,,m,),(ny,m,)...,(n,,,m,)}).

In the initial calculation, it is common to assume that
the values of pixels at the positions of missing samples is
equal to zero, while at the available positions the pixels are
equal to the original ones.

A video can be defined as a sequence of images. If we
consider an image to be a two-dimensional signal, the



video is a dynamic version of these signals. Two steps are
used to define a CS reconstruction algorithm for that
dynamic signals: reconstruction of two-dimensional DCT
signal in the initial frame and then the prediction and
update in each next frame. The algorithms will be
described after basic formulations for sparse dynamic
signals are introduced.

A. Dynamic Signal Description
Consider a signal (image) in a matrix form X, at an

instant 7 and its transform X, = T{X,}. The signal sparsity

is defined as the number of non-zero transform
coefficients. The set of these non-zero positions will be

denoted by K. The relation between the signal transform

X, at instant ¢ and the signal transform X,_, in the
previous instant can be defined as:

X, =X +q, ()
where (, is the matrix corresponding to the dynamic

change of the signal transform X, ;. If the matrix q, has
non-zero entries at the frequency positions the same as
X,_;, then the signal sparsity does not change at the next
instant. If the vector has non-zero entries at positions
different from X,_;, then new components will be added to

the signal transform at that time instant. Adding more
components will increase the sparsity of the signal. Some
signal components can vanish at an instant # as well. This

effect can also be described by matrix (,.

III. ALGORITHMS FOR RECONSTRUCTION

Reconstruction of two-dimensional signals will be done
by converting the signal and transform matrices into a one-
dimensional vectors first. Consider a two-dimensional
signal x(n,m), 0<n<P-1,0<m<Q-1. To convert it

into vector notation, we can rewrite the signal:
x(n+P(m—1))=x(n,m) . 2
The available samples at an instant ¢ are denoted in a

vector form by Yy, . In a similar way, the signal in

transformation domain is written as:

X(k+0(-1)=X(k,1) . 3)
for 0<k<P-1, 0<]<Q-1. Its vector form at instant ¢
is X, .

Signal transformation matrix is re-formulated as a two-
dimensional matrix as well. Its rows corresponding to the
available samples are denoted by A, .

In the reconstruction of dynamic signals, two major
steps are defined: prediction and update. In the prediction
step, analysis is done at time ¢, using the knowledge about
sparsity that we have from #-/. In the update step, the

adaptation of the signal transform coefficients for time ¢ is
done.

A. Orthogonal Matching Pursuit Algorithm

To illustrate the dynamic framework, consider from the
family of greedy algorithms the iterative Orthogonal
Matching Pursuit (OMP). The dynamic case is introduced

in [12]. The algorithm reconstructs the signal in the
transformation domain. In the conventional OMP, the
approach is to use a fixed threshold and eliminate all
components that are below that threshold. After the
detection of the frequency positions, the signal is
reconstructed by straightforward calculations.

Here we use the iterative form of this algorithm. In the
first step, we estimate the highest component position in
the transformation domain as

k" = arg{max{A”y,}}. 4)
The signal in the transformation is reconstructed as
X0 = (DAL ) A"y, B

with =0 at the initial iteration. In each next step i the
position of highest coefficient is saved in a vector K, of
non-zero transform coefficients where:

K=K Uk} . (6)
After each added component, the error between the
original and the reconstructed signals is checked:

e’ = > ‘x,(n,m)—xf,g)(n,m)|2. (7)

(n,m)=(ny,my),,...(ny my )
where X,(n,m) is the original signal at instant ¢ and

x(n,m) is the reconstructed signal in the i-th iteration at

time instant . The procedure is repeated using the error
signal until the desired error is achieved.

In the next time instant (frame), the iteration does not
start from the beginning. That is, in the prediction step we
define the vector of non-zero positions as

K =K. ®)

For the update step, we check the error of the original

signal and the reconstructed signal at time instant ¢:
e’ = Z |x,(n,m)—xf",lm(n,m)|2. 9)

(nym)=(ny,my )s.e(Mpg My )
Q)
f-1R
reconstructed using the knowledge that we have from the
previous instant ¢-/. If the error is below an acceptable
level, then the non-zero positions of the signal transform
did not change from the previous time instant. If that is not
the case, the iterations from (4) to (7) are done until the
error is bellow an acceptable level. At the end of iteration
process for each frame, possible zero values of some

coefficients are excluded from the set K.

where x,’ . (n,m) represents the signal at time instant ¢

B. Gradient-Based Algorithm

Gradient-based algorithm, unlike the greedy algorithms,
is based on the estimation of the missing samples in the
spatial domain. The key advantage of this algorithm is that
it does not change the available samples. For the
reconstruction with CS algorithms, we assume that the
signal is sparse in the transformation domain. In this
gradient reconstruction algorithm, the sparsity is important
but not crucial information.

The algorithm can be described as a modified form of

the direct search L, -minimization. The direct search

method is based on finding the minimum of the L,-norm

by checking the range of all possible values. This method
gives very accurate results but it is computationally
insufficient. The gradient-based algorithm is used to find



the minimum of the L,-norm in an efficient way. The

illustration of the L, -norm gradient moving to the

solution is shown in Fig. 1.
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Fig. 1. Illustration of the L,-norm and its gradient with
two missing samples

Because of the dynamics property of a video, the
algorithm will be divided into two parts: reconstruction of
the signal at the first time instant (i.e. /=0), and the
reconstruction of signals at other time instances (i.e. £>0).

For the initial time instant (frame) =0, the gradient-
based algorithm is performed in a usual manner. The
algorithm for one-dimensional signals is presented in [13]
and the algorithm for images is presented in [10]. The
algorithm is as follows:

Let assume a two-dimensional PxQ signal x(n,m)

with M available samples where M << PQ. In the initial

step, the signal with available measurements x'"(n,m)
(for t=0) is defined as:

) {x(n,m), for (n,m) e {(nl’ml)’(nz’mz)i"'i(nMimM)},
xy (n,m)=

- 0, elsewhere.

For the unavailable pixels we add a constant value A  The

new signals with available samples and the parameter A
are created as

x, (n,m)=x,"(n,m)+ AS(n—k,m—1)

0
x,,(n,m)=x,"(n,m)— AS(n—k,m—1) (10)

After calculating the DCT transform of the new signals,
the gradient is calculated by:

Xl =Xl
g (k)= A (amn
where X,, = DCT2{x,,(n,m)} and X,, = DCT2{x,,(n,m)} .

This procedure is repeated for each %4 and /
corresponding to the positions of missing samples
(kD) € {0, ). (131, (1,1, )}

Note that (k/) in this case are the positions of the
missing samples, and not the positions of the transform
coefficients, as in equation (3). The values of the gradient

for the positions of the available samples g (k)= O.
The adaptation of each missing pixel is done by:

XDk, 1) = x(k, 1)~ g, (k, 1) (12)

where [/ is a constant gradient parameter. Because of the
gradient form (Fig. 1.) when the algorithm is close to the
solution, it will oscillate around it. This is the reason why
the values of i and A are then decreased. In this case,
the values are decreased by a factor of 10, i.e. = /10
and A=A/10.

The algorithm is repeated until the error between two
iterations is less than some acceptable error level £:

(13)

max‘x(”l)(n, m)—x"(n, m)| <E&.

For each next frame, instead of initializing the missing
samples to zero, we assume the values from the previous
time instant at the missing samples positions:

x,(n,m), for available samples

y,‘°><n,m)={ (14)

x,_,(n,m), for missing samples

where the available samples are at the positions
(n,m)e {(n,,m,),(n,,m,),....(n,,,m,)} , x,(n,m) are the
available samples at time instant ¢ and X, ,(n,m) are the
samples found at the previous instant #-/, assumed at the
positions of missing samples [12]. The adaptation
iterative process does not start from the beginning as in the
first instant. After defining the signal with the available

samples, other algorithm steps are the same as in the first
frame.

IV. COMPARISON AND NUMERICAL RESULTS

A synthetic signal is formed for the comparison of the
presented methods. A sparse signal is defined as:

27k, (2n— 1)] Cos[zzqu, Qm- 1)] 15)
4P 4P

K
x(n,m):ZAM cos[
i=1

with P=64, and 4, represent random amplitudes at the

positions ( k

2
this signal is K. For the reconstruction it has been assumed
that only M randomly positioned signal samples are
available. Table 1 represents calculation time (in seconds)
needed for the OMP and gradient-based algorithm to
reconstruct the signal (15) for different number of
available samples M and sparsity K. The red values
represent the time of a more efficient algorithm for given
M and K. We will denote by “X” the cases where the
reconstruction is not achieved due to insufficient number
of available samples.

k, ) which are also random. The sparsity of

TABLE 1: TIME IN SECONDS NEEDED FOR OMP AND GRADIENT

M 2 2 2

32 48 60
K OMP Gradient OMP Gradient OMP Gradient
16 2.61 | 28.72 | 2.81 7.97 3.05 3.64
64 X 29.75 | 2.84 8.79 |3.08 | 3.80
144 X 26.03 | 2.87 8.63 3.11 3.66
256 X 8598 | X 8.48 3.38 3.68
576 X X X 12.55 | 5.01 3.64
784 X X X 68.85 | 6.91 3.74
1024 X X X X 10.36 | 3.93
1296 X X X X 15.31 | 448




For relatively low sparsity level, the OMP reconstructs
the signal faster than the gradient-based algorithm. For
high signal sparsity, the reconstruction using the gradient-
based algorithm is more efficient. The calculations time
for the gradient-based needs for signal reconstruction
mostly depends on the number of available samples and
not on the signal sparsity. Since the sparsity of real images
and video frames is significant in the application on real
videos we will present reconstruction results with
gradient-based algorithm.

Frames of a video with missing data are presented in
Fig.2. (left) where the missing data are represented by the
black and white pixels. Some of the frames from the
reconstructed video are shown in Fig. 2. (right). The video
is reconstructed using the gradient-based algorithm. '

V. CONCLUSIONS

The application of the iterative OMP and the gradient-
based algorithms in the reconstruction of dynamic signals
is presented. In difference to the case of reconstruction of
stationary signals, for the dynamic signals we do not start
from the initial value (which, in most cases, is equal to
zero), but with the values calculated in the previous time-
instant. Because of the property that the calculation
complexity is independent from the sparsity level K, the
gradient-based algorithm is used in the reconstruction of
two-dimensional dynamic (video) signals.
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