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Abstract

The influence of an additive Gaussian noise on the discrete Hermite transform based signal representation is analyzed.
The Hermite coefficients of noisy signals are random Gaussian variables. Based on the derived respective mean values and
the variances, an efficient nonlinear threshold for a simple signal denoising approach is introduced, suitable for signals well
concentrated in this transform domain. Moreover, the results are easily incorporated into a coefficient thresholding based
compressed sensing algorithm for the reconstruction of noisy signals with missing samples. These approaches and the theory
behind are motivated by the signals concentrated in the Hermite transform domain, such as the QRS complexes and UWB
signals. Numerical examples validate the presented theory.
Keywords: Hermite functions, Hermite transform, noise modelling, denoising, QRS complexes, sparse signal

reconstruction.

1. Introduction

Recently, the Hermite transform (HT), in both continuous and discrete forms, has drawn a significant research interest in
various practical applications [1]-[9], showing a better performance compared to the commonly used Fourier-based
approaches. For instance, the HT is extensively applied in the processing and compression of ECG signals, as well as in the
automatic recognition and classification of QRS complexes [1]-[9]. Other important applications include biomedicine [4],
[5], image processing and computer tomography [2], [9], molecular biology [2], radar signal processing [10], etc. In the light
of popular compressive sensing scenarios, the HT was also considered as a domain of signal sparsity [11], [12]. Therein, it
has been shown that signals, exhibiting sparsity in the HT domain, can be efficiently reconstructed from a small set of
random measurements. Besides many application examples, Hermite functions (HF) have been the subject of extensive
research in the context of the discrete fractional Fourier transform [13]- [30]. These Hermite-Gaussian like functions, being
closed-form Discrete Fourier Transform (DFT) eigenvectors used to define the discrete fractional Fourier transform, can be
also used to define the HT. Various approaches have been reported in this context [13]: methods based on nearly tridiagonal
matrices [14]-[23], methods based on orthogonal projections [24]-[29] as well as methods based on closed-form vectors, [9],

[30].

! Corresponding author, phone: +38269486639, Email: milosb@ac.me



An interesting example of signals with suitable representation in the HT domain can be found in communications and
remote sensing applications, namely, the ultra-wideband (UWB) signals received at antennas. Signals from this class
typically have the Gaussian waveforms, such as Gaussian doublets or other shapes resembling the derivatives of the
Gaussian function [31]-[34], that exhibit a compact support in the HT domain. The UWB signals are characterized by an
inherent fine resolution in time as well as by good penetration into many common materials and therefore, these signals are
widely used in the remote sensing applications [33]-[37]. However, the presence of noise, that is common in real scenarios,
often leads to the performance degradation of algorithms dealing with UWB signals [35], [36], thus making the denoising
techniques especially important. Having in mind the waveform similarity between the UWB signals and the Hermite basis,
the UWB applications, including the denoising, may benefit from the HT [33]. HT has been continuously related to QRS
complexes, particularly important parts of ECG signals. Recently, it was shown that the compressed sensing reconstruction
of these signals is possible exploiting the Hermite transform [11]. Moreover, HT based compression of QRS complexes has
been a widely studied topic, and the literature suggests the amenability of this particular transform [1], [8]. However, neither
the HT based compression nor the compressed sensing has been previously studied for signals affected by common white
Gaussian noise.

In this paper, the influence of an additive white Gaussian noise (AWGN) on the discrete HT is considered. This is
particularly important, as the discrete HT form ordinarily assumes the Gauss-Hermite quadrature applied in the accurate
numerical calculation of integrals defining Hermite coefficients, which inevitably leads to a different behavior of this
transform in noisy environments when compared with common linear transforms [2], [10], [11]. We also discuss an
alternative form of discrete Hermite transform, recently studied in [5], [6], [32]. The influence of AWGN is modeled through
the expressions for the mean value and variance of noisy Hermite coefficients. Based on these expressions, a nonlinear
threshold which separates signal components from the noise is derived. It enables an efficient signal denoising. Moreover,
we incorporate the results into the compressed sensing algorithm based on the detection of signal support ([38], [39]),
leading to the successful reconstruction of noisy signals with missing samples.

The paper is organized as follows. A basic theoretical background about Hermite expansion method using the Gauss-
Hermite quadrature is presented in Section 2. The matrix form of the discrete Hermite transform is presented in Section 3.
The influence of AWGN on the HT domain is analyzed in Section 4, while the thresholding method and denoising
applications are presented in Section 5. The presented theory is put into the compressive sensing and sparse signal

processing context in Section 6. The concluding remarks are provided in Section 7.

2. Hermite expansion

The p-th order Hermite function is defined as:
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with H,(f) being the p-th order Hermite polynomial (HP). A scaling factor o which stretches or compresses HFs is often used
in the definition (1) in order to match the analyzed signal [1], [5], [31]. Without loss of generality, it is assumed that it has a

value ¢ = 1 [1], [11], and can be omitted in further notations. Hermite basis functions can be recursively calculated [1]-[3]:
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The signal representation using the Hermite basis is referenced as the Hermite expansion:
(=Y CpW, (1) . 3)
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For a continuous signal s(¢), an infinite number M — o of HFs is needed for an accurate signal representation. Otherwise,

(3) is just an approximation of the analyzed signal. The p-th order Hermite coefficient C(p) is calculated by:
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2.1  Discrete Hermite transform based on the Gauss-Hermite quadrature approximation

The discrete Hermite transform can be considered as a discretized version of the continuous-time Hermite expansion (3).
Namely, if HFs are sampled at zeros of the M-th order HP, then the summation (3) becomes the inverse form of the Hermite
transform, [1]. In that case, any discrete signal of length M can be uniquely represented by the expansion (3), with a
complete set of M discrete basis functions. The integral of the form (4) can be accurately calculated by the Gauss-Hermite
(GH) quadrature [3], [8], [10]:
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where ¢, 1<m<M is used to denote zeros of the M-th order HP [1]-[11]. Functions wp(tm), 1<smsM, 0spsM-1
obtained sampling the continuous HFs at points #, are orthogonal [1]. When the sampling points are proportional to #,, the
transform (5) is a complete signal representation [1]-[2], [11]. This form of the discrete Hermite transform will be further

denoted as DGHmT.

Note that a proper calculation of (5) requires a specific form of sampling. However, as indicated in our previous research

[8], when the continuous signal s(7), with assumption of a compact time support, s(t) =0 fortD[—T, T], is sampled



uniformly to obtain the corresponding finite duration discrete-time signal s(n) = s(nlt), then the discrete signal values at

desired points #, (or at proportional points Az, where constant A is directly related with the scaling factor o (dilation
parameter)), are obtained applying a resampling procedure. Without loss of generality, assume an odd signal length M =
2K+1, n = -K,..., K, with At being the sampling period. The continuous-time signal can be reconstructed and resampled at
the desired points At1, Af,,..., Aty using [8]:

S(/][m) = i s(nlt) Sin(7T(/]tm —nA[)/A[)

6
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wherem=1,....M,n=-K,..., K.

The truncation error [40], [41] using sinc interpolation is largest for time instants near the edges of the considered discrete
grid. However, in the case of compact time-support signals, the truncation error will be significantly reduced. Finite signals
interpolation problem is additionally discussed from the perspective of FIR filter-based sinc interpolation in [40], where it is
emphasized that the truncation effects could be alleviated by multiplying the interpolation kernel

sin(n(t —-nlt)/ At) / (7t —nlAt) / At) with a window function. The interpolation error has been derived in [42]. Recently, it

has been confirmed that this error is negligible for signals with finite-time support, [8].

2.2 Discrete Hermite transform based on symmetric tridiagonal matrix that commutes with a centered Fourier matrix

The previous form of the discrete Hermite transform has been considered in many different application contexts [8], [10],
[11], [12]. Recently, it has been successfully applied in the compression of QRS complexes [8], and in the reconstruction of
compressively sensed UWB signals [51]. The highly successful applicability is related to the strong resemblance of these
basis functions with analyzed signals. However, as it will be shown in next Section, the DGHmT matrix based on (5) is not
orthogonal. As it is generally known that the sampling of continuous HFs does not lead to a compatible discrete orthogonal
basis, significant research efforts have been made to determine other approaches for discrete Hermite functions definition
[51, [6], [32]. For example, it has been shown that discrete HFs can be generated as eigenvectors of a centered or shifted

Fourier matrix [5], [6]. These alternative HFs will be further denoted as p(n, o) when 0=1 and ¢ » (n) in the case when

time-axis scaling factor g =1 (dilation parameter) is assumed. Note that n denotes discrete time index at a uniform time grid
related with the sampling theorem. Other alternative approaches for the discrete HFs calculation can be also found in [13]-
[30].

Observe a discrete-time signal s(n) of length N, sampled according to the sampling theorem, with 0<n<M —-1. For
such signal, there exist a set of orthogonal digital functions ¢ p(n, 0), p=0,..,M —1,being highly related to continuous HFs

l,llp(t). It was recently shown that such functions are obtained as eigenvectors of the centered Fourier matrix F¢ [5],

satisfying
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where j=+/—1. The set of functions is obtained based on eigenvalue decomposition

Fo =QAQ’ (7

as columns of matrix Q :[\TIO, v, o \TIM]. Column vectors ¥, p=0,..,M —1 contain values of discrete HFs
¢,(n,0),n=0,...,M -1 and A is a diagonal matrix containing eigenvalues of matrix Fc. It was shown that these discrete

HFs can be generated in an computationally efficient manner as the set of eigenvectors of a symmetric sparse tridiagonal

matrix defined by [5], [6], [32]:
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for 0<n< M —1. Eigenvalue decomposition of the form
T=QAQ". ©)
leads to the same matrix of eigenvectors as in (7), in a computationally efficient manner [5]. Functions

{Py(n,0), P,(n,0),..., Py, (n,0)} form an M-dimensional basis of the alternative discrete Hermite transform, further

denoted as DHmT. Discrete HFs obtained in this manner are visually very similar to the continuous-time analogous
functions. Similar to the continuous case, these functions are non-zero near the interval of the definition, and they are odd or
even depending on the value of the index p (which also counts the number of zero-crossings of the signal), just as in the
continuous case [5]. As previously noted [6], the difference between the continuous-time and discrete HFs produced by the
presented method increases as the index p (order of the HF) increases.

This issue is illustrated in Fig. 1, where some of the DHmT basis functions (left column) are compared with corresponding
basis functions of DGHmT (right column), obtained by sampling the continuous HFs at the roots of the Hermite polynomial
of order M = 201. For the better comparability, functions are normalized with respect to their maximal amplitudes. For

functions with p = 0, 2 and 5 there is a high similarity between (,(n) and ¢ ,(n), as presented in Fig 1., first and second

rows. For p = 39, the difference becomes more obvious (third row), and it increases, as illustrated for p = 88 and p = 99

(fourth and fifth rows). Fig. 1 emphasizes the DGHmT relevancy for applications requiring a strong similarity with



continuous HFs. The RMSE between DGHmT and DHmT basis functions is shown in Fig. 1 (m), versus HF order p. It is
important to note that calculation of the DHmT is numerically more efficient than the calculation of the DGHmT. For
example, when M = 201, the average computation time needed for generation of the set of DHmT basis functions is 0.0025
[s], compared to 0.0060 [s] needed to generate the set of DGHmT basis functions (tested on the same computer with Intel(R)
Core(TM) 17-6700HQ CPU @ 2.60GHz and 8GB of RAM). For M = 500, these computation times are 0.012 [s] in the first
case, and 0.016 [s] in the DGHmT case. However, it should be also noted that DGHmT requires an additional computational
burden if the analyzed signal needs to be resampled, according to (6), as well as for the Hermite coefficients calculation
based on (5). The accuracy of DHmT basis with respect to continuous-time HFs can be improved by producing a larger set

of functions and properly adapting the dilation (time-axis scaling) parameter, [5].
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Fig. 1. Examples of: (a)-(f) DHmT and (g)-(1) DGHmT basis functions for M = 201; (m) RMSE between functions

3. Discrete Hermite transforms in matrix forms

The direct and the inverse DGHmT, given by (5) and (3), respectively, can be written in a matrix form. First, we define

HT matrix Ty:



Wo(t) Yo (ty) Wo(ty)
Wy (1)) Wy (1))’ Wrr-1 (1))

] (1) (1) b (ty)

Ty =7 Wy (1)) Wy (1))° W=t |, (10)
Yy-(1) Yy Yy ()
Wy (1) Wy (1)) Wrr= (1) |
and the corresponding inverse DGHmT matrix TI;I (of size M xM )
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If C=[C(0),C(1),...,C(M —1)]" denotes the vector of Hermite coefficients and s = [s(2),s(2y),...,5(ty, )" is a vector of M
signal samples, then:
C=Tys, 12)
represents the matrix form of the DGHmT. The inverse discrete DGHmT has the following matrix form:
s=Tg\C. (13)
The inverse DGHmT matrix can be written as a product
T, =T;D, (14)
where the matrix D is a diagonal matrix whose form is presented in [1], confirming that the discrete HT matrix is not
orthogonal. The standard QR decomposition of the DGHmMT matrix Ty leads to the product Ty = QR with Q being the

orthogonal matrix, satisfying QQ7 = I, with I being the identity matrix and the matrix R being a diagonal matrix with

elements:
dm :(_1)'"‘1 [WwM—l (tm):l_l, m=1,2,...M. (15)

Orthogonal matrix Q, taking into account (10) has the following form:
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Due to the form of (14) and (15) where d,, = 1 does not hold for every m = 1, 2,..., M, we may expect that the common
AWGN will influence the DGHmT in a different manner, compared to standard orthogonal transforms, e.g. DFT.

In the case of DHmT, the transform matrix has the following form
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Let us denote with C =[C(0),C(1),...,C(M =1)]" the vector of DHmT coefficients and with s =[s(0),s(1),...s(M —=1]" a
vector of M signal samples obtained according to the sampling theorem. The DHmT can be written as
C=Ts. (18)
As it is formed based on eigenvectors of symmetric matrix (9), matrix TH is orthogonal, implying that Tf_ll = Tg and

THTZ =I. The inverse DHmT has the following form

s=T}C. (19)

4. Additive Gaussian noise influence
Observe the DGHmT of zero-mean AWGN vector n. Without loss of generality, it is inherently assumed that the signal

and noise samples are available at the discrete points ¢,

m?°

m=1,...,M corresponding to the roots of the M-th order HP. The

discrete DGHmT of noise reads:

o) 0 0
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Thus, scaled noise samples d,/)(t,,), m=12...,M are expanded on the orthogonal vector space basis consisted of rows of

matrix Q. Note that in the case of DFT matrix, non-scaled noise samples 7(#,) appear in Rn, which means that AWGN
differently influences the HT compared to the DFT.
Next, we derive the statistical properties of HT coefficients corresponding to the signal s(#,,) affected by AWGN #(t.,):
x(t,,) = s(t,) +1(,,) . 21
Since the HT is linear, (21) leads to X (p) = S(p)+=(p), with S(p) and E(p) being the DGHmT of the signal s(#,,) and
noise #(y,), respectively. Since the noise 7(#,) is a random Gaussian process, due to the central limit theorem and the
definition (5), it can be concluded that Z(p) and X(p) are also Gaussian random variables. We further analyze statistical

properties of the random variable X(p). The mean value can be expressed as:
py ()= E{X(p)} = S(p) + E{=(p)}. (22)

For a zero-mean additive noise E{f}(n)} =0 we have:

Hx (p) =S(p) +iiL’”2 E{n(,)} = S(p). (23)
M= [l//M—1(tm )]



Let us now calculate the variance of the random variable X(p) with the assumption that the #(#,) is a zero-mean noise:
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For a white noise with variance o;; the autocorrelation function is: ’77,7(%] oy, )= E{/](tm1 )/7(tmz)} =0, (tm1 —tmz). Hence,

0')2( (p) can be further written in the form:

ox(p)=—5y —"—=y(p.M)0,. (24)
. M2 m= l[wM l(tm)] "

This result indicates that the variance of the DGHmT coefficients depends on the coefficient index p. The mean value of

the expression (24) can be now derived following the HFs orhonormality [11]:
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The function y (p, M) for M = 100 is shown in Fig. 2a and the function (M) is shown in Fig 1b. The mean value of the

function y(p, M) in Fig.1a is 0.2753. It means that first 60 coefficients have the variance (scaled by y(p, M)) below this
mean value, while the remaining coefficients are scaled by larger values and are more sensitive to the noise. Also, the
observed sparse signals are mainly concentrated on the first few DGHmT coefficients [1], [8], indicating that a proper
threshold can be used to distinguish between signal and noise components. Fig 2b shows that the mean noise variance
decreases as the number of M increases. Using these results, a polynomial fitting can be applied to approximate these

functions and to define a general DGHmT-based denoising threshold.
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Fig. 2: Functions appearing in variance definitions: a) y(p, M), b) (M)

In the case of DHmT, based on the matrix (17) orthogonality, and as the rows are normalized (being eigenvectors of

matrix T), we conclude that the coefficient variance is

% (p) =02,
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assuming that noisy samples are available at the uniform discrete time grid in (21).

5. The Hermite transform based denoising

The presented discussion can be applied in signal denoising. The considered signal (21) is affected by a zero-mean AWGN

of variance O’,%. Note that the noise-only DGHmT coefficient at the position p is a random variable described by the Gaussian

distribution NV(0, 6% (p)). The denoising is done using hard-thresholding procedure [45]:

C(p), |C(p)|>T(p)
Cien(P) = | | (26)
0. [C(p[=T(p).
Observe that the threshold is dependent on p, due to the form of variance given by (24). Namely:
T(p)=lox(p)=1y(p.M)o,, @27)

where / is a constant ensuring that the noise-only coefficients are below the threshold level (27). For many real signals such
as UWB signals or QRS complexes, the lower coefficients in the HT are the most significant ones [1], [11]. The non-linear
form of the threshold (27) increases the probability for the successful separation of noise-free signal and noise-only Hermite

coefficients in the denoising process (Fig. 2a). For [ = 3, according to the well-known 3-sigma rule, noise-only coefficients
are below the threshold with probability of 99.73%. In the case of DHmT, standard threshold 7' = /0, should be used.

As the presented denoising approach may serve as an alternative to the standard DFT-based denoising, the additional

calculation burden is analyzed here. Based on the fast algorithms for the HT calculation [1], [2], the discrete HT requires
approximately O(M logg M) operations with real values, comparing with O(M log, M) operations with complex values in

the case of DFT. The increase of the complexity by logoM times asymptotically is moderate even for a large M. For the

threshold calculation in (27), additional O(M) operations are needed.

6.1  Numerical examples and the discussion

Example 1: Consider the part of ECG signal known as QRS complex grs(#,), sampled at the points proportional to the HP
roots and sparsified according to the procedure in [1], with M = 51 samples. It is obtained from the MIT-BIH ECG database
[43] (originally available as uniformly sampled in accordance with the sampling theorem) and corrupted with artificial zero-
mean AWGN, such that SNR is 6dB. The results for the QRS complex denoising based on DGHmT are shown in Fig. 3a-d,
illustrating a significant noise reduction. Parameter / = 3 was used in the example. Interestingly, the signal coefficient at p =
3, although smaller than the noisy coefficient at p = 47, is properly selected by the threshold (being above the threshold), due
to the non-linear characteristic of the proposed threshold. Only a few signal coefficients much weaker than the noise remain
under the threshold, at p = 6, p =7 and p = 8. The MSE between the original noise-free and noisy signal of -28.71dB is

reduced to -35.83dB after the denoising procedure is applied.
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Fig. 3: Denoising a QRS complex using the hard-thresholding procedure: a) QRS complex embedded in AWGN with SNR = 6dB, b) Original QRS
complex (solid) and denoised QRS complex (dots), ¢) DGHmT of noisy QRS complex and the threshold (27) with / = 3, d) DGHmT of original noise-free

(circles) and denoised (dots) QRS complex
Now consider the shifted version of the considered noisy signal, grs,(t,,) = grs(t,, —c), where ¢ = 0.028[s]. In this case

signal will not be optimally concentrated in the DGHmMT domain, as illustrated in Fig. 4a-d. Degradation of the denoising
performance is illustrated in Fig. 4 (the MSE of the denoised signal is increased for about 2dB). In this case, prior to the

hard-thresholding procedure (26), optimally concentrated DGHmT can be found solving

Vop = min|[C, |, = MZI iiL’”)zs(nﬂ -v)\, (28)
v =0 M= [‘/’M—l(tm)]

and shifting the analyzed signal for value —V,,. Problem (28) can be solved by performing a one-dimensional search over

possible values of V. Upon finding V,

pi» the hard-thresholding (26) is applied on the DGHmT of signal shifted in opposite

direction —V,,,. We calculated the concentration measure in (28) for values of V in range [-0.04s, 0.088s] with step 0.004.

Results are shown in Fig. 4e. The global minimum of this function corresponds to shift value ¢ = 0.028[s]. DGHmT of the

signal grs(t,, +V,,) leads to the results presented in Fig. 3. Other signal examples suitable for the presented denoising

procedure can be also found in [8].

Example 2: In this example, we observe a real 1.3GHz UWB signal transmitted between two UWB antennas 1m apart,
through an indoor environment, in experiment described in [34]. First M = 165 samples of the signal ‘ACW7FD45.dat’ from
the database [44] are observed. The artificial AWGN is added to this signal, such that SNR = 3dB. The noisy UWB signal is

shown in Fig. 5a, while the corresponding DGHmT with the threshold (27) and / = 4 is shown in Fig. 5c. The original signal
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and the denoised signal are shown in Fig. 5b, while the corresponding HT's are shown in Fig. 5d. It can be seen that the noise

is significantly reduced. It is assumed that the noise variance a,? is known since it can be estimated as described in [45].
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Fig. 4: Denoising a non-centered (shifted) QRS complex using the hard-thresholding procedure: a) QRS complex embedded in AWGN with SNR = 6dB, b)

Original QRS complex (solid) and denoised QRS complex (dots), c) DGHmT of noisy QRS complex and the threshold (27) with / = 3, d) DGHmT of

original noise-free (circles) and denoised (dots) QRS complex, e) concentration measure in (28) having a minimum at the optimal shift value 0.028 [s]
The non-linear threshold is able to select signal coefficients at p = 6 although having approximately the same value as the

noise-only coefficient at p = 154 (that remains under the threshold). Only the smallest coefficients will remain below the

threshold, but these are much weaker than the noise and do not contribute significantly to the resulting signal.

For the comparison, the signal denoising using a DFT-based hard thresholding approach is considered (with threshold Tprr
= lNanz, and the same value / = 4). The results are presented in Fig. 6, showing a significantly degraded denoising
performance. The resulting MSE between the original (non-noisy) and denoised signal, for the case of DGHmT-based
procedure is -24.23 dB, whereas for the DFT-based procedure the achieved MSE is -16.07dB. The MSE reduction in the first

case is approximately 11.8dB, and only 3.63dB in the DFT case.

Example 3: Additionally, previous experiment was conducted for a range of SNR values: from -10 to 15 dB, varied with

step 1. For each SNR value, the MSE between the denoised and original signal was calculated based on 500 independent
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realizations of artificial AWGN added to the signal. The results for the DGHmMT and DFT hard threshold based denoising of

the UWB signal from Example 2 are shown in Fig. 7a. The results confirm a significant MSE improvement when using

DGHmT and the proposed non-linear threshold.
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Fig. 5: Denoising a real UWB pulse using the hard-thresholding procedure based on HT: a) UWB signal embedded in AWGN with SNR = 3dB, b) Original

(solid) and denoised UWB signal (dots), c) DGHmT of noisy UWB signal and the threshold (27), d) DGHmT of original (circles) and denoised (dots) signal
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Fig. 6 Denoising a real UWB pulse using DFT-based hard-thresholding: a) original and denoised signal (black and red, respectively), b) DFT of noisy,

denoised and original signal (blue, red and black, respectively)

Moreover, the experiment is repeated also with the Discrete wavelet transform (DWT) serving as a basis for signal
denoising. We consider denoising based on Symlet 8 (sym8) and Daubechies 8 (db8) wavelets. In both cases decomposition
of level 5 is considered. These particular wavelet types are chosen due to their visual similarity with the considered signal.
Denoising is performed using two different threshold selection rules to the wavelet coefficients: Stein's Unbiased Risk
Estimate (SURE) for db8 wavelet case, and Donoho and Johnstone's universal threshold with level-dependent estimation of
the noise for sym8 wavelet [52]-[55]. In each case, the hard thresholding is applied. For this experiment we use MATLAB
wden implementation from the Wavelet Toolbox. The threshold rescaling is done using a single estimation of level noise
based on the first-level coefficients. As seen in Fig. 7a, two considered methods performed similarly. This experiment

confirms that DGHmT’s ability to represent signal sparsely can be crucial in the denoising, even exploited in very simple
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methods such as the hard-thresholding. We additionally test the performance of the Discrete cosine transform (DCT) based

hard-thresholding. The threshold level is set to Tpcr = la,?, and the same value [ = 4 is used as in the case of the DGHmT.
The DGHmT-based method outperformed the DCT-based hard-thresholding (Fig. 7a).

Finally, we include the DHmT-based denoising based on hard-thresholding in our comparative analysis, with T(p) = lo,,.
The same value [ = 4 is used as for the DGHmT. In both versions of the discrete Hermite transform, dilation (scaling) factor
0 =1 was used. As shown in Fig. 7a, DGHmT slightly outperforms DHmT. Interestingly, visual similarity of MSE curves in

in accordance with the visual similarity of two sets of basis functions.

MSE in the denoising of UWB signal MSE in the denoising of QRS complex
0 T T T T -
DGHmT 15 [ i..(b)
----- DFT 15 B
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MSE in the denoising of QRS complex MSE in the denoising of QRS complex
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Fig. 7: The MSE between original (noise-free) and the signals denoised using various approaches, shown for various SNRs: (a) UWB signal case; (b)-(d)

QRS complex denoising using various parameter / values.
We hypothesize that the performance of DHmT can be improved by setting a proper dilation parameter (time axis scaling

factor). Namely, let us denote with TH(U) the DHmT matrix, with basis functions lﬁp(n, 0), n, p=0,....M —1. This matrix

retains orthogonality [5]. The improved DHmT concentration can be obtained by solving

M-1|M-1

Ty = main"TH(J)sul = min S s, (n.0), (29)

p=0|n=0

being a standard ¢;-norm minimization from the compressive sensing and sparse signal processing framework. Solution of
(29) corresponds to the dilation parameter producing the best possible concentration of DHmT coefficients. It can be found
by a direct search in the given range of possible ¢ values. The same procedure can be performed for DGHmT [8]. However,

the further development of this concept and a comprehensive comparative analysis of the performance in the case of these
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transforms with optimized parameters is outside the scope of this paper, and it is a topic of our further research. Note that in
all presented experiments, for each considered SNR value, the MSE was calculated based on 500 independent realizations of
the artificial AWGN added to the signal.

An experiment with a range of SNR values is also performed for the QRS complex from Example 1. Results are presented
for various values of parameter I: [ = 3 (Fig. 7b), [ = 3.5 (Fig. 7¢) and [ = 4 (Fig. 7d). For a fair comparison, DFT based hard-
thresholding was performed for both the original uniformly sampled signal case available in [43] (in Fig. 7b-d denoted as
DFT 2) as well as for the non-uniform sampling case (in Fig. 7b-d denoted as DFT 1). In both cases, the same noise was
added to signal samples. Results indicate that the DGHmT based denoising produces dominantly lower MSE values in all
cases.

For [ = 3 we compare the denoising performance with the DCT-based hard-thresholding method, where the threshold is set
according to the DCT noisy coefficients variance, Tpct = la,?. The results shown in Fig 7b indicate the lower MSE obtained
using the DGHmT-based method. We also compare the results with an advanced state-of-the-art ECG denoising algorithm,
Sparsity-Assisted Signal Smoothing (SASS) [46]. We use the implementation available online, with the original parameter
set [47]. The results are presented in Fig. 7b. The presented MSE curve for the SASS method is obtained in the following
manner. As this algorithm is originally set to work with entire ECG signals, instead of proceeding as an input only the
selected QRS complex, the original full length ECG signal from the MIT-BIH ECG database [43] (part of which is the
observed QRS complex) was corrupted with AWGN with same variances as the QRS complex used for other methods
evaluation. The denoising of this whole ECG signal was performed using SASS algorithm, with the default set of
parameters. Then the QRS complex of interest was extracted from the denoised signal, and compared with the original QRS
complex. As for other methods, the experiment was repeated 500 times for each SNR value, and averaged MSE is shown in
Fig. 7b. In this way, we were able to use the algorithm without any parameter changes. Results shown in Fig. 7b indicate that
this method moderately outperforms the DGHmT-based denoising, in the SNR range from 0dB to 10dB. However, the cost
of this improvement is a significantly higher numerical complexity of the SASS algorithm. Nevertheless, the simple hard-
thresholding procedure results are comparable with the results of this advanced denoising technique (in the context of QRS

complex denoising).

6.2 Statistical validation of the variance

In order to statistically confirm the derived variance (24) and its average value (25), we perform two experiments using
noisy UWB signal from Example 2. In the first test, the SNR level of 5 dB is observed (the noise variance 0,72 =0.030). The
variance of DGHmT coefficients is numerically evaluated based on 10000 independent realizations of the noise. High match

with the theoretical expression (24) is achieved and shown in Fig. 8 (a). The average variance (25) is also shown by dots. In



16

the second experiment, the input noise variance 0,72 is varied from 107 to 1, with the step 1072, and the average variance of

DGHmT coefficients is calculated. Observe that the results show high matching ratio with the variance (25), Fig 8 (b).
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Fig. 8: HT coefficients variance for signal embedded in AWGN: a) Variance of coefficients at position p, SNR = 5 dB, b) Average variance in terms of the

input noise variance.

6. Application in sparse signal reconstruction

In this Section, we present an overview of the presented theory applicability in the reconstruction of signals from a
random subset of available samples (measurements, observations). To this end, observe a signal exhibiting sparsity in the
DGHmT domain. Such signal can be represented with a small number K of non-zero Hermite coefficients, with positions
belonging to the set P={p,, p,, ..., px}. It has the following form:

K
s(t,) =Y aw, (t,). (30)
I=1

Sparse signals can be reconstructed from a reduced set of observations [38], [39], [48], [49]. Assume that only M, out of
M randomly positioned samples are available. The available samples have random positions denoted by

by OMy = {1,150ty YOM = {1,055 13 )

Set M contains the sampling points of the full-length signal, and these points correspond to the roots of the M-th order
Hermite polynomial. My is the random subset of M containing the sampling positions of available measurements. The
common mathematical model for the compressive sensing procedure based on the randomly selected/acquired signal values

involves the random measurement matrix ®:
s = PT,' C=AC, (31)

with ses denoting the vector of available samples of the analyzed signal, and C=Tys is the DGHmT coefficients vector of

signal (30) containing all samples. The matrix A is obtained from the inverse DGHmMT matrix T[I1 , by omitting the rows

corresponding to the positions of missing samples. Set of M, linear equations (31) with M unknowns can be solved if the

additional sparsity condition is assumed for the solution. Therefore, sparse signal reconstruction problem is formulated as

min"C"O subject to s, = AC, (32)
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where the so called £, -norm corresponds to the number of non-zero coefficients in C. It is known that the ¢;-norm cannot
be used in the direct minimization and thus the problem (32) is usually reformulated using ¢, -norm, exploited in the

application of efficient linear programming and iterative approaches. Indirectly, problem (32) can be solved by properly

estimating the positions of non-zero DGHmT coefficients in the solution. If the signal support is known or appropriately
estimated within a set P containing K < P<M elements such that PP, the reconstruction is done using the pseudo-

inversion [39]:

CK:(A{,A ) ATs (33)

P Seso
often used in standard matching pursuit approaches, for example, in the OMP algorithm. The matrix A is the sub-matrix of

matrix A, with omitted columns corresponding to positions p ap.

If samples are omitted from the signal, it produces the same result as if these samples assume zero values [38], [39], [51].
Consequently, a reduced number of signal samples can be considered as a complete set of samples, where some of them are

affected by an additive noise. When missing samples assume zero values, the initial discrete DGHmT of such signal is

a, WG, (i)
Co(p) = L LA p=0,..,M 1.
0 Z‘;M Wy (@)

Hermite coefficients Cy(p) are random variables. Two categories of these coefficients can be identified. Coefficients

corresponding to signal components, that is, p=p;, [=1,..., K are random variables with Gaussian distribution and

mean values al% (1381, [50]) and variance 02(p;): N(al%, o%(p), 1=1,.., K. Coefficients that are not placed at

positions corresponding to signal components, that is, p # p;, are zero-mean random variables with variance [38], [50], [51]
K

s M AM M3
o= § (34)
M (M -1) S

not depending on coefficient position as long as p Z p; holds, that is, N'(0, Ji.).

The probability that M — K, M > K independent noise alone coefficients are smaller than a value K is

M-K
K
P. (k) =erf s (35)
> ‘\/EO-CS
where the CDF of the Half-normal distribution being g(k,0y ) =erf ( \/EI; ) is used. If we set this probability to a fixed

value, for example Pg(k)=0.99, then, the threshold

k=20, erf_l[(P S Kj =20, erf" [(PS (K))Allj (36)
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will, with given probability, separate noise-only coefficients from signal coefficients. If amplitudes a; have close values, and

a sufficiently large number of measurements M exists, then this threshold will help to detect positions of all coefficients
corresponding to signal components, that is, P= arg{|C0( p)| > K} . In that case, the reconstruction is simply achieved in one
iteration, directly exploiting the pseudo-inversion (33).

Now assume that the available measurements are affected by a white Gaussian noise with variance 0, ; . Both the external

additive noise and the noise caused by missing samples are now sources of disturbances in the considered discrete Hermite
domain. These disturbances are uncorrelated and Gaussian, and therefore the noise-only coefficients have the following
variance

K

M,M-M?
07(p) =02 +0x (p)=—A———AN g’ +y(p,M) 0, 37
T(P) cs X(p) MZ(M—I) IZ:IZ ! y(p ) n ( )

with constant O'CZS, whereas U)2<( p) is dependent on coefficients positions. Therefore, we introduce non-linear position-

dependent threshold for the detection of Hermite coefficients corresponding to signal components:
L
k(p)=~20,(p)erf™ (PS (K))M . (38)
Threshold (38) is incorporated in the efficient reconstruction algorithm presented in [39]. If amplitudes o; do not have
close values, then the variant of CoSaMP (OMP) based reconstruction can be easily developed based on the presented theory

[39]. In this algorithm, based on initial coefficient vector C,,, the first set of component positions is estimated as
P =arg{|Cy (p)] >k (p)}. (39)
In the next step, partial sensing matrix A; = A; is formed from the sensing matrix A, using only columns with indices P.

First components are obtained by solving the system of measurement equations, using the well-known pseudo-inversion:

-1
Cy :(AITAI) Als,.. Subsequently, the signal s; =A,Cg is calculated. In case that e=s, holds, vector Ck is the

[

problem solution and algorithm terminates (single iteration variant). If this is not the case, then the estimated component is

removed from s.s and the signal e =s_ —s; is formed.

Subsequently, the procedure is repeated for signal e, where the set P is expanded with new detected positions. The
process iteratively continues until the solution is found, or until a required precision ¢ is acquired. A reasonable choice of
parameter ¢ is the mean variance of noisy DGHmT coefficients (25), being the new stopping criterion for the reconstruction
of signals in the presence of AWGN. Detailed description and analysis of presented reconstruction concepts and algorithms

(single-iteration and iterative forms) can be found in [39].



19

Noisy signal
——  Measurements

NV N (IO A pap kA
LAYVAVAR AR I WWV WW \V N WY

Signal amplitude
(3]

(=]

ot J
20 40 60 80 100 120
tyl
1.5t®)- - HT, Iteration 1- () HT, Iteration 2
0.5 ///‘/\
0.4 : ‘
0.3
0.2
0.1
0
0 50 100

= Original
Reconstructed | 4

Signal amplitude

~ 3.5 T T T T T T

5 (e) —

= 3 ) —  HT of undersampled noisy signal

- —=  HT of original noise—free signal

%‘ 2.5 —  HT of the reconstructed signal 1

£ 15 ]

2

Q

£ 1 1

(5]

S 05 PRI | NN SIS TN

e 0

T 0 Tmmmi T?u HTUW? RIITHA U H T 1 EARRERAN Qi KN
0 20 40 60 80 100 120

Coefficient position p

Fig. 9. Reconstruction of noisy signal sparse in the DGHmT domain with M, = 54 out of M = 128 available samples: (a) noisy signal (black) and available
measurements (red); (b) HT of available measurements (initial transform) and the first threshold (red); (c) HT calculated after removal of detected
components, and the new threshold (red); (d) Original noise-free signal (blue) and the reconstructed signal (red); (e) HT of the undersampled noisy signal,

original noise-free signal and the reconstructed signal

Example 4: Consider signal of the form (30), sparse in the DGHmT domain, with amplitudes a, =2, a, =3, a; =2.7,
a, =21, as=2.1, a,=1.4, and corresponding non-zero coefficients positions p; =0, p, =1, p; =3, p, =6, ps =7, and
P =18. It is affected by an additive white Gaussian noise; such that SNR is 7dB. Then only M4 = 54 out of M = 128 noisy

samples (42.19%) are taken at random positions. The reconstruction is performed in only two iterations of the algorithm [39]
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with the modified threshold (38). Results are shown in Fig. 9. The initial MSE between the original (noise-free) and noisy
signal of -11.67dB dropped for ~12dB after the CS reconstruction. The resulting MSE between the original (noise-free) and

the reconstructed signal is -23.66dB.

7. Conclusion

The discrete Hermite transform of signals affected by zero-mean AWGN is analyzed. The particular scope was on the
discrete Hermite transform calculated based on the Gauss-Hermite quadrature. The mean values and variances of
corresponding noisy Hermite coefficients are derived and statistically verified. Based on the modeled noise influence, a
nonlinear threshold for the separation of signal and noise-alone components in the discrete Hermite transform domain is
derived. Consequently, a method for signal denoising is proposed. It is based on a hard thresholding approach. The signal
denoising is tested using real UWB signal and QRS complex, showing the benefits of using the derived nonlinear threshold.

Moreover, the results are easily incorporated into the sparse signal reconstruction framework.
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