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Abstract— Vertex-frequency analysis (VF) can be considered
as a generalization of the classical time-frequency analysis.
It provides tools and algorithms aiming to characterize the
localized signal behavior in the joint vertex-frequency domain.
Localized Graph Fourier Transform (LGFT) is an example of
such a tool, with a role in the graphs signal processing which
is equivalent to the role of the Short-time Fourier transform
in traditional signal processing. Bearing in mind the rapidly
increasing amounts of data and large dimensions of graphs
related to practical applications, the calculation complexity of
each tool for the spectral analysis of signals on graphs shall
be continuously revisited. As they provide the possibility to
calculate VF representations using only local neighborhoods of
vertices, without the need for the eigendecomposition, polyno-
mial approximations of spectral windows are commonly used in
practice, mostly in the form of the Chebychev approximation.
This paper revisits this choice, compares it with two other
polynomial approximation approaches, and investigates their
influence on the VF-based graph signal analysis and inversion.

I. INTRODUCTION

Graph signal processing attracted a significant research
interest recently [1]-[5]. With graphs acting as signal do-
mains, this particular signal processing framework can be
viewed as an extension and generalization of the traditional
theory. Large graphs naturally fit into the Big Data context,
now concerning the fast-growing number of practical appli-
cations. Therefore, the possibility to analyze not the entire
graph signal, but rather its local behavior, has become very
important for various applications and it is delivered by the
vertex-frequency analysis [6]-[13]. VF representations aim
to characterize the localized signal behavior in the joint
vertex-frequency domain, therefore establishing a natural
analogy with the classical time-frequency analysis [14]-[16].
Polynomial LGFT approximations provide the possibility to
calculate the LGFT based on the low-order local neighbor-
hood for each considered vertex. As Chebyshev polynomials
are dominantly exploited in this context, we investigate how
the choice of an alternative polynomial basis influences the
results in the context of VF analysis and inversion.

The paper is organized as follows. The basic theory of
graphs signal processing is outlined in Section II, while one
of the basic VF representations is presented in Section III.
Polynomial LGFT approximations are considered in Section
IV. Numerical results are given in Section V, while the paper
is concluded with Section VI.
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II. BACKGROUND THEORY

Consider a graph with N vertices,n € ¥V = {1,2,..., N},
connected with edges having associated weights W,,,,, n =
1,2,...,N,m=1,2,..., N. Zero-valued weights W,,,, =
0 indicate that the edges m and n are not connected. Weights
Wnn are used to form the weight matrix W of size N x N.
In the case of unweighted graphs, nonzero elements in W
are equal to unity, while this specific form of the weight
matrix is known as the adjacency matrix, A.

In addition to the weight matrix, W, and the adjacency
matrix, A, graphs are commonly described by the means
of the Laplacian matrix, L = D — W, where D represents
the diagonal weight matrix, whose elements on the matrix
diagonal are D, = > Wp,.

Spectral analysis of graphs is most commonly based on
the eigendecomposition of the graph Laplacian L or the adja-
cency matrix, A. The eigenvectors, ug, and the eigenvalues,
Ak, of the graph Laplacian are calculated based on the usual
definition Luy, = Agug, k=1,2,..., N.

Consider a graphs signal, x = [z(1),2(2),...,2z(N)].
The graph Fourier transform (GFT) of such signal is defined
as the expansion onto a set of orthonormal basis functions,
ug, k=1,2,..., N, that is

N
X (k) =GFT{z(n)} = Z x(n) ug(n). (1)
n=1

where uy, with elements ug(n), n = 1,2,..., N, represent
eigenvectors of the graph Laplacian, L. The corresponding
inverse graph Fourier transform (IGFT) is then defined as

N
z(n) = IGFT{X (k)} = Y _ X (k) u(n). 2)
k=1

III. LOCALIZED GRAPH FOURIER TRANSFORM

As in its classical counterpart, the localized graph Fourier
transform (LGFT), admits frequency localization using a
spectral domain window. If such a window, centered at the
spectral index k, is denoted by H(k — p), the LGFT is
defined as the inverse GFT of X (k), localized by the spectral
window:

N

S(m, k) =Y X(p)Hy(Ap) up(m), 3)
p=1

that is, the spectral domain LGFT form in (3) can be
implemented using band-pass transfer functions H(\,) =

H(k — p). If the condition ZkK:_Ol HZ2()\,) = 1 is satisfied



for all A, p=1,2,..., N, the inversion is performed using
N K-1

xz(n) = Z S(m, k) Hum, k(1) “4)
m=1 k=0

where My 1 (n) = S0 | Hyo(Ap)uy(m)uy(n). One of such
band-pass functions suitable for the inversion is given by

sin (gv“<bkakak (7 — 1)) , forap < A < by
Hi(A) =

cos <§vz (Ckb’“bk(— - 1)) , for b, < A <

0, elsewhere,

(5
with agr1 = bk, bpy1 = ¢k and the initial and the last
intervals defined as ay, = ap_1-+ I‘;“l", b, = arp+ Ir(““l", CL =
ap+252se Ame 2 with a; = 0 and limy_,o(a1/X) = 1, for uniform
bands w1th1n 0 < A < Anax. The sine and cosine functions
are not differentiable at the interval-end points. Therefore, the
argument, x = bkaikak(— — 1), is commonly mapped using
a polynomial v, (x). However, without loss of generality, in

his paper we use v, (z) = x.

IV. POLYNOMIAL LGFT APPROXIMATION

As Hy(),) can be observed as a transfer function of a
band-pass graph system, centered at an eigenvalue, Ay, and
around it, it can be assumed that it has the polynomial form

Hi(Ap) = hog + higdp + -+ har—1 kAT (6)

where £k = 0,1,..., K — 1, K is the number of bands and
M 1is the polynomial order.

This further implies that, for a given vertex m and spectral
index K, S(m, k) in (3), assumes the following vector form

M-—1
sp = UHL (AU x = Hy(L)x = Y huLPx, (1)

where sy, is the column vector with elements S(m, k), m =
1,2,..., N. The polynomial form in (7) uses only the (M —
1)-neighborhood in the calculation of the LGFT for each
considered vertex, without the need for eigendecomposition
analysis. Therefore, it significantly reduces the computational
cost. A polynomial approximation of an order (M — 1), can
be used to implement bandpass LGFT functions, Hy (), k =
0,1,..., K — 1.

The Chebyshev approximation is based on Chebyshev
polynomials which are defined by

To(z)=1,Ti(2) =2,...,Tn(z) = 22T —1(2)—

form>2and -1 <z<1.
The finite (M — 1)-order of the Chebyshev polynomials

Tnz—l (Z)

M—-1

®)

Pyoar—1(

where scaling and shifting of the form 7,,(\) =
T (22 /Amax — 1) is used to map the argument from the
interval, 0 < A < Apax, to the interval from —1 to 1. The

polynomial coefficients are calculated using the Chebyshev
polynomial inversion property as ci ., = f Hi((z +

D) Amax/2)Tin(2)dz/V/1 — 22.
Theref(_)re, according to (7), the LGFT can be calculated
as s = Pk’Mfl(L)X, for k=0,1,2,..., K — 1, with
M—1
Pyv—1( &)
= hosI + hi kL + ho kL2 + -+ hipr—1) 1 LM

The least squares approximation using monomials (in this
paper it will be abbreviated as LS) assumes that trans-
fer functions Hy()\) are approximated using polynomial
Plclﬁ/[fl(/\) = Qo + @Lk/\ + - 4 @M_l,k)\Mfl such
that squared error fo)‘"‘a" |Hp(X) — PES,_1(A)?dA is min-
imized. The interval 0 < A < Apax can be, as in the
case of Chebyshev approximation, normalized and mapped
o [—1,1], to ensure the stability of the calculation, using

z = P mex The introduction of s, = [ L amdz m =
0,1,...,2M — 2 and by, = [, 2™ Hy((2 + 1) Amax/2)dz,
m:(),l,...,M 1, leads to
S0 S1 SM—1 Qo k bo
S1 S2 . SM o]k b1
SM—1 SM Sam—2| |anm—1.k bar—1

or, in the matrix form, Sa = b. By solving this system, we

get the coefficients ay, k,al Ky ey Q1 e As A =0. 5(z+
M—1 _

1)Amax, we have Zm 0 Om k2™ = > o 0 A™. The

approximation is then

Pk S1-1(L) = aopI+ay g Ltao p L2+ +ap—1 LY

based on which s, = PL3, | (L)x, for k=0,1,..., K —1.
The least squares approximation usmg Legendre
polynomials assumes minimization of fo " Hg(A) —

PICL;? {(N)[?dX\ where PkL?\g () = Bordo(N) +
Birdi(A) + -+ + Bu_ixbar—1(N).  Polynomials
do(2) = 1,¢1(2) = =z, ¢a(2) = 22 — 1/3,... are

called Legendre polynomials and they satisfy Bonnet’s
recursion formula
- m¢m—l (Z ) .

(m +1D)bmi1(2) = (2m +1)26m(2)
2A—Amax

The normalization and shift, using z = B v is
done, such that ¢,,(A) = ¢m(2X/Amax — ) For each
m = 0,1,...,M — 1 we calculate C,, =

J2, @2 (2)dz
upon which polynomial coefficients 3,, =

(10)

1 I L Hu((z+

A max/Q)(bm( sz are calculated. As A = 0.5(2 + 1) Amax,
we have M0 8, 1om(2) = M0 BixA™, which en-
ables us to form, in analogy to the previous approximations,

Pij\gIﬂ(L) = BO,kI“‘BLkL‘i‘BQ’kLQ_F. . '+B(M71),kLJw_l.

V. NUMERICAL RESULTS

Observe a graph with N = 100 vertices, along with the
graph signal z(n), as presented in Fig. 1. For the calculation



Fig. 1. Observed graph and graph signal.

TABLE I
MSE IN VF INVERSION AND IN POLYNOMIAL APPROXIMATION OF VF
FREQUENCY WINDOW. POLYNOMIALS ARE OF ORDER M = 5.

Chebyshev Legendre LS
K E. EY E; EY Ers EYs
6 -23.18 -15.08 -20.04 -12.90 -2821 -17.81
8 -2023 -1426 -19.03 -1335 -236 -16.03
10 -18.62 -1392 -18.05 -13.51 -21.05 ~-15.13
12 -17.61 -1397 -1729 -13.76 -1948 -1491
14 -1692 -14.19 -16.71 -14.05 -18.42 -14.96
16 -1641 -1432 -1627 -1424 -17.66 -14.94
18 -16.02 -1459 -1591 -1453 -17.09 -15.13
20 -1572 -1482 -15.62 -14.78 -16.64 -15.30

of the LGFT, K transfer functions (spectral windows) of the
form (5) are exploited. As efficient implementations of VF
representations require polynomial approximation of rela-
tively small order M —1, we investigate how the choice of the
polynomial influences the results. To this aim, Chebyscheyv,
Legendre and LS approximations are considered. Original
transfer functions, Hy(\), for K = 16 frequency bands,
and their polynomial approximations are shown in Fig. 2,
for the realistic and practically relevant case of M = 6.
The corresponding LGFTs are shown in Fig. 3. The LS
polynomial approximation based VF calculation provides
more concentrated representation (last panel) than in the
cases of the Chebyshev and Legendre spectral window
approximations (second and third panel, respectively). This is
in accordance with the results from Fig. 2. The corresponding

TABLE I
MSE IN VF INVERSION AND IN POLYNOMIAL APPROXIMATION OF VF
FREQUENCY WINDOW. POLYNOMIALS ARE OF ORDER M = 6.

Chebyshev Legendre LS
K E. EY E; EY Ers EYs
6 -27.16 -17.58 -20.99 -13.53 -3040 -20.21
8 -23.08 -15.85 -2034 -14.18 -2556 -17.74
10 -20.73 -1499 -19.28 -1426 -22.66 -16.28
12 -19.25 -14.81 -1838 -144  -20.8 -15.8
14 -1824 -1488 -17.66 -14.6 -19.52 -15.67
16 -17.51 -1488 -17.10 -147 -1859 -155
18 -1696 -15.08 -16.65 -1495 -17.89 -15.62
20 -16.53 -1526 -1628 -15.15 -17.35 -15.72
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Fig. 2. Exemplar transfer functions in the spectral domain and their
polynomial approximations. Polynomials with M = 6 are used in the
approximation. Top to bottom: original frequency window, Chebyshev,
Legendre and LS polynomial approximation.

inversions are shown in Fig. 4.

The described phenomena are investigated with more
details in the following experiment. For the number of
frequency bands varied from K = 6 to K = 20, with step
2, we calculate the VF representations using: (i) the original
transfer function Hy(A), (ii) Chebyshev, (iii) Legendre, and
(iv) the LS based polynomial approximation. The MSEs
between the signals obtained trough the inversion of the
approximated LGFTs and the inversion with H()), as well
as MSEs in the window approximations, are calculated for
M = 5,6 and 7, and shown in Tables I, II and III. The
MSE:s in the inversion calculation are given in columns E,
L) and E g for the case of Chebyshev, Legendre and the LS
approximations, respectively, while the corresponding MSEs
in the window calculations are given in columns EY’, E}
and F}s. The least squares approximation using monomials
(LS) provided the lowest MSEs in all considered cases.

VI. CONCLUSION

We have studied the VF representations obtained using the
polynomial approximations of frequency windows and used
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Fig. 4. Signal inversion results based on VF representations from Fig.
3. First panel — inversion of LGFT is calculated based on the Chebyshev
polynomial approximation of spectral window, second panel — inversion of
LGFT calculated based on the Legendre polynomial approximation), third
panel —inversion of LGFT calculated based on the LS approximation.

for the localized characterization and processing of graph sig-
nals. Numerical comparisons indicate that the standard least-
squares polynomial approximation of frequency window set
used in the VF calculations leads to slight improvements,
when compared with the results based on the commonly used
Chebyshev approximation.
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